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Introduction 


Today, amateurs and professional mathematicians alike know about dio- 
phantine equations and even about diophantine analysis. In the second 
half of the 20th century this area of mathematics has become fashion- 
able due to its proximity to algebraic geometry, an apparent focus of 
mathematical thought. Surprisingly, virtually nothing has been written 
about Diophantus, whose name is attached to indeterminate analysis and 
who is one of the most interesting scholars of antiquity. Even historians 
of mathematics have a fundamentally distorted view of his work. Most 
of them think that he solved particular problems, equivalent to inde- 
terminate equations, by means of artful, particular methods. We will 
discuss such evaluations of the work of Diophantus in detail in Chapter 
4. 

Even a simple analysis of Diophantus’ problems shows that he not 
only posed the problem of finding rational solutions of indeterminate 
equations but also gave some general methods for obtaining them. Here 
one must bear in mind that in the mathematics of antiquity general 
methods were never presented in “pure form,” apart from the relevant 
problems. For example, when Archimedes determined the area of an 
ellipse, of a parabolic segment, of a sphere, the volume of a sphere and 
of other solids, he used the method of integral sums and of passage 
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to the limit without ever giving a general, abstract description of these 
methods. 17th- and 18th-century scholars had to study carefully and 
reinterpret his works in order to distill from them his methods. The 
same applies to Diophantus. His methods were understood and applied 
to the solution of new problems by Viéte and Fermat at the time when 
Archimedes” works were being deciphered. In our investigations we will 
follow the example of Viéte and Fermat: we will analyze the solutions of 
concrete problems in order to understand the general methods involved. 

We wish to add that whereas the discovery of the integral and dif- 
ferential calculus by Newton and Leibniz basically brought to a close 
the evolution of Archimedes” integral methods, the evolution of Dio- 
phantus” methods extended for a few more centuries and interlaced with 
that of the theory of algebraic functions and of algebraic geometry. The 
evolution of the ideas of Diophantus can be traced all the way to the 
works of Henri Poincaré and André Weil. This makes the history of 
diophantine analysis especially interesting. 

This book is largely concerned with Diophantus’ methods of obtain- 
ing rational solutions of indeterminate equations of the second and third 
orders and with their history. In passing, we will consider the question 
of the number system used by Diophantus and his literal symbolism. 
Even this far simpler question has not yet been cleared up. Most histo- 
rians of science are of the opinion that Diophantus limited himself to 
positive rational numbers and knew no negative numbers. We will try 
to show that this is not the case, that in his “Arithmetic” Diophantus 
extended the domain of numbers to the field Q of rational numbers. 

I hope that this book will introduce the reader to a new aspect of the 
mathematics of antiquity. The view most of us have of this mathematics 
is based on Euclid’s “Elements” and on the works of Archimedes and 
Apollonius. Diophantus opens before us the equally rich and beautiful 
world of arithmetic and algebra. 

Of course, we cannot deal with all of Diophantus’ works, and cer- 
tainly not with all of diophantine analysis and its history. As we said 
earlier, we will restrict ourselves basically to the area known as the 
arithmetic of algebraic curves. This area deals with the finding of the 
rational points on such curves (or equivalently, with finding the ratio- 
nal solutions of single algebraic equations in two unknowns) and with 
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the study of their structure. That is why the reader will not find here 
the history of the problem of finding integer solutions of indeterminate 
equations, a problem studied by Fermat, Euler, Lagrange, and Legendre, 
as well as by modern mathematicians. Nor will we study the difficult 
and subtle problem of the existence of rational (or integral) solutions 
of indeterminate equations with rational integral coefficients, for this 
problem lies outside the circle of problems directly related to Diophan- 
tus. One more disclaimer: we will not deal with the history of Hilbert’s 
tenth problem, devoted to finding a general method (or proving that 
none exists) for deciding in a finite number of steps whether or not a 
given equation with rational integral coefficients has a solution. 

This book is intended for a broad public. It can be read by high school 
and university teachers, by students in physical-mathematical faculties 
of universities and pedagogical institutes, by engineers, and by seniors 
in mathematically oriented high schools. Strictly speaking, the reading 
of the book requires only the knowledge of analytic geometry and of 
the elements of the differential and integral calculus. This means that 
not all of the chapters in this book are equally accessible to high school 
students. To make it easier to use the book we provide a number of ex- 
planatory remarks which describe the structure of the book and indicate 
which chapters can be omitted without affecting the understanding of 
the book as a whole. 

Chapter 1 is devoted to Diophantus as a person and Chapter 2 to 
the system of numbers and symbols he introduced. Chapter 3 contains 
information about diophantine equations and algebraic geometry indis- 
pensable for understanding the rest of the book. Chapter 4 deals with 
evaluations of the methods of Diophantus by historians of mathemat- 
ics. In Chapters 5 and 6 we present Diophantus’ problems and study 
the methods he used to solve indeterminate equations of second and 
third order. We also explain to the reader the matter of homogeneous, 
or projective, coordinates. In Chapter 7 we present some of Diophantus” 
problems which required number-theoretic investigations. These prob- 
lems enable one to judge how much the ancient mathematicians knew 
about number theory. The rest of the book, that is Chapters 8-13, is de- 
voted to the history of Diophantus’ methods from the time of Viète and 
Fermat until the 1920s. In Chapter 10 we talk about the theorem which 
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involves the addition of Euler’s elliptic integrals and about its use by 
Jacobi for finding the rational points on a cubic curve. The reader of 
this chapter must be familiar with the concept of an improper integral. 
High school students can omit this material. But then they should also 
omit the first two paragraphs of Chapter 11. In Chapters 12 and 13, de- 
voted to the relevant works of Henri Poincaré and to certain subsequent 
results, many questions have been presented in a sketchy manner and 
some, requiring the introduction of new and complex concepts, have 
been omitted altogether. Nevertheless, I am confident that the reader 
will get an idea of the works of Diophantus and of the history of the 
arithmetic of algebraic curves and may possibly take an interest in this 
most beautiful area of mathematics. 

I wish to offer my deep thanks to AL Lapin and LP. Shafarevich 
for many valuable remarks and hints, to the editor N.N. Hendrikson 
for improvements and corrections in the manuscript, to A. Shenitzer for 
his wonderful translation of the book that gives it new life, and to J.H. 
Silverman for his notes on the history of algebraic geometry in the last 
twenty years. 

At the end of the book I give a list of the most accessible editions of 
Diophantus “Arithmetic” and of works about it. 
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Diophantus 


Diophantus represents one of the most difficult riddles in the history of 
science. We do not know when he lived and we do not know his pre- 
decessors who may have worked in the same area. His works resemble 
a fire flashing in an impenetrable darkness. 

He may have lived at any time during a 500-year period! Its lower 
bound is easy to determine. In his book on polygons Diophantus fre- 
quently mentions the mathematician Hypsicles of Alexandria who lived 
in the second century BC. On the other hand, Theon of Alexandria’s 
commentary on the “Almagest” of the great astronomer Ptolemy con- 
tains an excerpt from Diophantus’ work. Theon lived in the middle of 
the fourth century AD. Hence the 500-year period! 

The French historian of science Paul Tannery, editor of the most 
complete text of Diophantus, tried to narrow this time interval. In the 
Escurial library he found excerpts from the writings of Michael Psel- 
lus, a Byzantine scholar of the 11th century, which state that “the most 
learned Anatolii, having collected the most essential parts of this science 
(a reference to the introduction of powers of the unknown and of the 
corresponding notation), dedicated them to his friend Diophantus.” Ana- 
tolii of Alexandria actually wrote an “Introduction to Arithmetic,” and 
excerpts from this work are quoted in preserved works of Iamblichus 
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and Eusebius. Now Anatolii lived in Alexandria in the middle of the 
third century AD, more precisely until 270, when he became the bishop 
of Laodicea. This means that his friendship with Diophantus, invariably 
referred to as Diophantus of Alexandria, must have preceded this date. 
Thus if the famous Alexandrian mathematician and Anatolii’s friend 
named Diophantus are the same person, then Diophantus must have 
lived in the middle of the third century AD. 

Diophantus’ “Arithmetic” is dedicated to the “reverend Dionysus” 
who, as follows from the “Introduction,” was interested in arithmetic 
and its teaching. While the name Dionysus was relatively common at the 
time, Tannery assumed that the “reverend” Dionysus had to be sought 
among the well-known people of that period who occupied prominent 
positions. Surprisingly enough, it turned out that a certain Dionysus, 
who from 231 on was the director of Alexandria’s Christian high school, 
became the city’s bishop in 247! That is why Tannery identified this 
Dionysus with the one Diophantus dedicated his work to, and thus 
arrived at the conclusion that Diophantus lived in the middle of the 
third century. In the absence of a better chronology, Tannery’s will do!. 

But the place where Diophantus lived is well known. It is the famous 
Alexandria, center of the scientific thought of the Hellenic world. 

Following the breakup of Alexander the Great’s huge empire, Egypt 
was ruled by Ptolemy Lagus, one of Alexander’s generals, who made the 
new city of Alexandria its capital. This multilingual commercial center 
soon became one of the most beautiful cities of antiquity. Eventually 
Rome surpassed it in size, but for a long time it had no equal. For many 
centuries, this city was the scientific and cultural center of the ancient 
world, because of Ptolemy’s founding of the Musaeon, the temple of 
the Muses, a kind of Academy of Sciences which attracted leading 
scholars. These scholars were paid salaries and their duty was essentially 
to meditate and to engage in discussions with their students. It included a 
splendid library which at one time had as many as 700,000 manuscripts. 
Small wonder that scholars and young men thirsting for knowledge 
flocked to Alexandria to listen to distinguished philosophers, to learn 
astronomy and mathematics, and to immerse themselves in the study of 
unique manuscripts in the cool rooms of the library. 
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From the third to the second century BC the Musaeon shone with the 
names of Euclid, Apollonius, Eratosthenes, and Hipparchus. In the early 
centuries BC it suffered a temporary decline, due to the decline of the 
house of the Ptolemies and to the Roman conquests (Alexandria was 
conquered in 31 AD), but in the early centuries AD it was regenerated 
owing to the support of the Roman emperors. From the first to the third 
century scholars such as Heron, Ptolemy, and Diophantus worked here. 
Alexandria continued to be the world’s scientific center. In this respect 
Rome was never its rival. There simply was no such thing as Roman 
science, and the Romans remained true to the legacy of Vergil, who 
wrote: 


Let others fashion from bronze more lifelike, breathing images— 

For so they shall—and evoke living faces from marble; 

Others excel as orators, others track with their instruments 

The planets circling in heaven and predict when stars will ap- 
pear. 

But, Romans, never forget that government is your medium! 


In order to make use of all that is known about the person of Dio- 
phantus, we quote the following riddle: 


God granted him to be a boy for the sixth part of his life, and 
adding a twelfth part to this, He clothed his cheeks with down; 
He lit him the light of wedlock after a seventh part, and five years 
after his marriage He granted him a son. Alas! late-born wretched 
child; after attaining the measure of half his father’s life, chill Fate 
took him. After consoling his grief by this science of numbers for 
four years he ended his life. 


From this it is easy to compute that Diophantus lived to be 84 years 
old. But for this there is no need to master the art of Diophantus. 
It suffices to be able to solve a first-order equation in one unknown, 
something the Egyptian scribes could do in 2000 BC. 

But the most mystifying riddle is the works of Diophantus. Only six of 
the 13 books which make up the “Arithmetic”? have come down to us. 
Their style and contents differ radically from the classical ancient works 
on number theory and algebra whose models we know from Euclid’s 
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“Elements” and his “Data” and from the lemmas of Archimedes and 
Apollonius. The “Arithmetic” is undoubtedly the result of numerous 
investigations which are completely unknown to us. We can only guess 
at its roots and admire the richness and beauty of its results. 

Diophantus” “Arithmetic” is a collection of problems (189 in all) each 
of which comes with one or more solutions and the necessary explana- 
tions. Hence the initial impression that this is not a theoretical work. 
But a thorough perusal shows that the problems have been carefully se- 
lected, and serve to illustrate definite, rigorously thought-out methods. 
Following the norm of antiquity, the methods are not stated in general 
form but reappear in the solutions of problems of the same type. 

But the first book is preceded by the author’s “general introduction,” 
on which we will dwell at some length. 


Notes 


1 Raphael Bombelli, who familiarized himself with the manuscript 
of the “Arithmetic” in the Vatican library around 1570, wrote with 
assurance that Diophantus had lived at the time of Antoninus Pius, that 
is, in the middle of the second century AD. Fermat also held to this date. 


2 In the introduction, Diophantus states that the “Arithmetic” is di- 
vided into 13 books. Only six books in old Greek have come down to us. 
In 1972 there came to light an Arabic manuscript allegedly containing 
books four, five, six, and seven. These books do not coincide with the 
corresponding Greek versions. In 1974 R. Rashed published a French 
translation of the manuscript and in 1975 the text itself. In the same 
year J. Sesiano published a critical version of the text as well as an En- 
glish translation with detailed commentaries. It seems that these books 
were part of another, probably later, version of the “Arithmetic” that 
has not come down to us. In particular, the manuscript contains the 8th 
and 9th powers of the unknown, whereas the only powers introduced 
by Diophantus are nth powers with —6 < n < 6. 


Numbers and Symbols 


Diophantus begins with fundamental definitions and a description of 
the literal symbols which he will use. 

In classical Greek mathematics, which reached its completion in Eu- 
clid’s “Elements,” number (&prðuós; hence the name “arithmetic” for 
the science of numbers) meant a collection of units, that is a whole 
number. Fractions and irrational quantities were not called numbers. 
Strictly speaking, there are no fractions in the “Elements.” Unity was 
viewed as indivisible, and instead of fractions of unity one considered 
ratios of whole numbers. Irrational quantities took the form of ratios of 
incommensurable segments. Thus for the Greeks of the classical period 
the number which is now denoted by /2 was the ratio of the diagonal 
of a square to its side. There were no negative numbers. Nor were there 
equivalents of negative numbers. In the case of Diophantus the picture 
is radically different. 

Diophantus gives the traditional definition of a number as a collection 
of units, but when it comes to his problems he looks for positive rational 
solutions and calls each of them a number (apudpés). 

But that is not all. Diophantus introduces negative numbers: he refers 
to them by the special term Actes, derived from the word Aeinw 
to be missing, not to suffice—so that the term itself could be rendered 
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as “shortage.” Diophantus calls a positive number örap&ıs—existence, 
being. The plural form of this word denotes property. Thus Diophantus’ 
terms for signed numbers are close to those used during the Middle 
Ages in the East and in Europe. Most likely, these terms were simply 
translations from the Greek into Arabic, Sanskrit, and Latin, and then 
into the different European languages. 

Many translators of Diophantus render Acht as subtrahend. This is 
wrong. In fact, to indicate the operation of subtraction Diophantus uses 
the terms aweciv or &ypaupeiv, derived from the word &parpéw, to 
subtract. When transforming equations Diophantus frequently uses the 
standard expression “we will add to both sides Aeípes.” 

We have gone into a detailed philological analysis of Diophantus’ text 
in order to convince the reader that it is correct to translate Diophantus’ 
terms as “positive” and “negative.” 

Diophantus formulates for relative numbers the following rule of 
signs: 


a negative multiplied by a negative yields a positive, whereas a 
negative by a positive yields a negative, and the distinctive sign 
for the negative is rh, an inverted and shortened (letter) ah. 


He goes on: 


Now that I have explained to you multiplication of powers and 
their reciprocals, division of such expressions likewise becomes 
clear. It will now be a good thing for the beginner to do exercises 
involving addition, subtraction, and multiplication of algebraic ex- 
pressions. He must know how to add positive as well as negative 
expressions with different coefficients to other expressions, which 
may be positive or, equally, positive as well as negative, and to 
subtract from expressions which may be sums or differences other 
magnitudes which may themselves be sums or differences. 


Note that while Diophantus is looking only for positive rational so- 
lutions, he readily uses negative numbers in intermediate computations. 
Thus it is safe to say that Diophantus extended the domain of num- 
bers to the field of rationals, where one can easily carry out all four 
arithmetical operations. 
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In the “Arithmetic” we encounter for the first time literal symbol- 
ism. Diophantus introduced the following notations for the six powers 
zx, 2?,..., 2% of the unknown x: 

the first power—<; 

the second power—A?, from Advayus, force, power; 

the third power—K?, from KúPos, cube; 

the fourth power—A?A, from Aövauodövauıs, square square; 

the fifth power AKT, from AdvapoxtGos, square cube; 

the sixth power—K*K, from Kúßoxúßos, cube cube. 


Diophantus denotes the constant term, that is x°, by the symbol M, 
that is by the first two letters in povdes, or unity. 

He introduced a special symbol * for negative exponents. In this way 
he could denote the first six negative exponents of the unknown. For 
example, he denoted x”? and 2”? by APX and K*X respectively. 

Thus Diophantus had a symbolism for denoting the positive and neg- 
ative powers of a single unknown up to and including the sixth power. 
He failed to introduce a symbol for a second unknown, which greatly 
complicated the solution of problems. Sometimes, within a single prob- 
lem, ¢ denoted more than one unknown number. In addition to these 
symbols, Diophantus used the symbol C for an indeterminate square. 
For example, if, by the condition of the problem, the sum of the prod- 
uct of two numbers and one of them is to be a square then the latter is 
denoted by O. 

Then Diophantus gives the rules for multiplication of x”” by x” for 
positive and negative m and n (|m| < 6, |n| < 6). 

For an equality sign Diophantus used the symbol !’o—the first two 
letters in the word 3 oo, which means equal. All this enables him to 
write equations in literal form. For example, he wrote the equation 


2022? + 13 — 102 = 13, 
more precisely 
22202 + 2°13 — 210 = 2°13, 


o 


A? Bor th stio My. 
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The Greeks used the letters of the alphabet with bars over them to 
denote numbers. The first nine letters @, G,...,0 denoted the numbers 
from 1 to 9. The next nine denoted the multiples of 10 from 10 to 90. 
The last nine (the alphabet of 24 letters was augmented by the addition 
of three older letters) denoted the nine hundreds. Thus, for example, 
7 = 200, 6 = 2, so that of denoted 202. Similarly, 7 = 10, 7 = 3, so 
that 77 = 13. 

In the “Introduction” Diophantus formulated rules of transformation 
of equations which involved addition of equal terms to both sides of 
the equation and reduction of like terms. Later, these two rules became 
well known under their Arabized names of al-jabr and al-mugabala. 

We see that when it comes to naming and denoting powers of the un- 
known, Diophantus—like ourselves—uses the geometric terms “square” 
and “cube.” But when setting down equations he calmly adds a square 
or a cube to a side !, that is, he treats them not as geometric images but 
as numbers. Also, he finds it possible to introduce “square squares,” 
“square cubes,” and so on, without any thought of tying them to mul- 
tidimensional spaces. In other words, in using geometric terminology 
Diophantus was merely following an established tradition. 

Thus we encounter here a completely new construction of algebra, 
based on arithmetic and not, as in Euclid’s case, on geometry. But far 
from being a simple return to the numerical algebra of the Babylonians, 
this is the beginning of a construction of literal algebra, which found 
its proper language in the works of Diophantus. 


Notes 


1 In the so-called Greek geometric algebra, addition was defined only 
for homogeneous magnitudes, that is, one could add lengths to lengths 
and areas to areas but not a length to an area (not, say, the side of a 
square to the square). Addition was regarded as a geometric operation 
(“application”) and not as the arithmetical operation of addition of the 
relevant numbers. 


Diophantine Equations 


What is most surprising about the “Arithmetic” is not only Diophantus” 
use of a completely new language and his bold extension of the domain 
of numbers but the problems he posed and solved. 

To understand the essence of these problems and to investigate Dio- 
phantus’ methods we must begin by providing some information from 
algebraic geometry and from the theory of indeterminate equations. At 
the present time, the problem of the solution of indeterminate equations 
is formulated as follows: given m polynomials in n variables, m < n, 
Pilz, zo... fal... fm(T1,T2,---, Tn) With coefficients in some 
field k,* find the set M(k) of all rational solutions of the system 


Dt, pe... Tn) = 0, 
(1) 
Im(21,%2,--- Ln) =0, 
and determine its algebraic structure. A solution (2), ..., 29) is said 


to be rational if all the «°° € k. 

Of course, the set M(k) depends on the field k. Thus, for example, 
the equation z? + y? = 3 has no solutions in the field Q of rational 
numbers but has infinitely many solutions in the field Q(v/3), that is, 
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in the set of numbers of the form a + by/3, where a and b are rational 
numbers ?. 

The most important cases for number theory are the case k = Q 
and the case when k is the field of residue classes mod p, p a prime. 
Diophantus considered the first of these cases and so will we. 

We will limit ourselves to the consideration of Diophantus’ problems 
which can be reduced to a single equation in two unknowns, that is to 
the case m = 1,n = 2: 


f(x, y) =0. (2) 


This equation determines in the plane RC?) an algebraic curve T. We 
will call a rational solution of (2) a rational point on I. 

Nowadays, geometric language is an integral part of mathematical 
thinking. It makes it easier to explain and to understand many facts. 
This being so, we will frequently employ it in the sequel, although 
Diophantus never made use of it. 

First it is necessary to give some classification of the equations (2) 
or, equivalently, of algebraic curves. The most natural, and historically 
earliest, such classification was the one by degree. 

The degree of a curve (2) is the maximal degree of the terms of the 
polynomial f(x,y) (the degree of a term is the sum of the exponents 
of x and y in the term). The geometric sense of this notion is that the 
number of points of intersection of a curve of degree n and a straight line 
is n. When counting the number of these points one must consider their 
multiplicities and include complex points and “points at infinity” (see 
p. 27). Thus, for example, the circle 2? + y? = 1 and the straight line 
g + y = 2 intersect in two complex points, the hyperbola z? — y? = 1 
and the straight line y = x in two points at infinity, and this same 
hyperbola and the straight line x = 1 in a single point of multiplicity 
2. 

From the viewpoint of diophantine analysis (this is the name of the 
branch of mathematics that grew out of the problem of solving indeter- 
minate equations; now the more common name is diophantine geometry) 
classification by degree has turned out to be rather crude. An example 
will clarify this assertion. 
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Consider the circle C : x? + y? = 1 and an arbitrary straight line 
with rational coefficients, say, L : y = 0. We will show that there is 
a one-to-one correspondence between the rational points on these two 
curves. One way of showing this is the following: fix the point A(0, —1) 
on C and associate with each rational point B on L the point B’ on C 
in which the straight line AB intersects C (Figure 1). 


FIGURE 1 


We leave it to the reader to prove that the coordinates of B’ are ratio- 
nal or to read Diophantus’ proof (presented in Chapter 5) of this fact. 
Obviously, it is possible to set up this kind of correspondence between 
the rational points on any conic section with a rational point and any 
rational straight line. This shows that from the viewpoint of diophantine 
analysis the circle C and the straight line L are indistinguishable. Their 
respective sets of rational points are equivalent in spite of the fact that 
their degrees are different. 
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A finer classification of algebraic curves is by genus. This classifi- 
cation was introduced in the 19th century by Abel and Riemann and 
takes into consideration the singular points on a curve I’. 

We will assume that the polynomial f(z, y) in equation (2) of T is 
irreducible over the rationals, that is, it cannot be written as a product 
of polynomials with rational coefficients. The tangent to I’ at a point 
P(Zo, Yo) is given by 


Y — Yo = k(x — Zo), 
where 


= _ÍalZo, Yo) 
fu(Lo, Yo) 


If fz or fy is different from zero at P, then the coefficient k of the 
tangent has a definite value (if fy(Zo, Yo) = 0 and fu(to, Yo) Æ O, then 
k = 00 and the tangent at P is vertical). 

If both partial derivatives vanish at P, that is, if 


fallo, Yo) =O and Ela Yo) =0, 


then the point P is said to be singular. 

For example, the point (0,0) is a singular point of the curve y? = 
x? + x° because at this point both partial derivatives f, = —2x — 3a? 
and fy = 2y vanish. 

The simplest singular points are double points, at which at least one 
of the partial derivatives fox, fay, and fyy does not vanish. In Figure 
2 we see a double point at which the curve has two different tangents. 
More complex singular points are shown in Figure 3. 

An algebraic curve can have at most a finite number of singular 
points. Indeed, let 


f(z,y) =0 (*) 


be the equation of the curve, where f(z, a) is irreducible over Q. The 
coordinates of the singular points must satisfy the equations 


falz, y) = 0, f(x, y) = 0, 
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FIGURE 2 


FIGURE 3 


and the equation (+). But the system of these three algebraic equations 
can have only a finite number of solutions. 

We will now define the genus of a plane algebraic curve whose only 
singular points are double points. (In the general case, that is in the case 
of an arbitrary algebraic curve with arbitrary singularities, the definition 
is relatively complicated. We will not give this definition here because 
we will not need it.) 

Thus let D be a plane algebraic curve with d double points (d 2 0). 
Then by the genus of I’ we mean the integer g defined by the formula 


ga n= 2) 


2 d, 


where n is the degree of I’. It is possible to show that g = 0. 
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If T is a straight line or a second-degree curve, then our formula 
yields for p the value 0, that is the curves are of the same genus. A 
third-degree curve has genus 1 if it has no double points and genus 
O if it has one double point. For example, the so-called Fermat curve 
z? + yó = 1 has genus 1. 

Classification by genus also fails to take into consideration the arith- 
metic properties of a curve. For example, the curves z? + y? = 1 and 
zx? + y? = 3 have genus 0, but the first has infinitely many rational 
points and the second none. To find a classification of curves which is 
adequate from the viewpoint of diophantine analysis we note that when 
solving equation (2) we often make a change of variables 


t= p(u, v), y= Y(u, v), (3) 


where y and y are rational functions, that is quotients of polynomials. 
Substituting (3) in (2) we obtain 


G(u, ail =0. (4) 


This equation determines a certain curve I’. For the rational points on 
T, with the possible exception of finitely many of them, to go over into 
rational points on I’ and, conversely, for the preimages of rational points 
on I” to be rational points on T, it is necessary and sufficient that the 
functions y and dh have rational coefficients and that the equations (3) 
be invertible, that is, that it should be possible to find rational functions 
(py and dn with rational coefficients such that 


u=i(z,y), v= p1(z, y). (3) 


If it is possible to establish a correspondence between curves T and I” by 
means of formulas of the type (3) and (3’) with rational coefficients, then 
the curves are said to be birationally equivalent, and the transformations 
are called birational. 

For example, if y(u,v) and (u,v) are linear functions, that is if 


x= p(u,v) = au +bu+c, 
y = Y(u,v) = au +b1u+<c1, 
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and 
a b 
ao # 0, 


then u and v are linearly expressible in terms of x and y with rational 
coefficients, that is, the transformation is birational. The following is a 
more complicated example. Let L be the curve 


Y=t- 4202 
= (z — 1)(z +2). 
We will show that L can be birationally transformed into a curve L’ of 
the form v? = p3(u), where p3(u) is a cubic polynomial. To this end 
we divide both sides of the equation (+) by (z — 1)* and put 
A ate 
u" (w—1)? 


(x) 


v. 
Then equation (o) becomes 


v? = 3u3 + 3u? + 3u + 1. 


Also, x and y are rationally expressible in terms of u and v, 


g= it _ v 
u y= q 


and conversely, 


y 
Pan AE 
that is, the curves L and I’ are birationally equivalent 3. 

With the possible exception of finitely many points, it is possible to 
establish a one-to-one correspondence between the sets M and M’ of 
rational points on two birationally equivalent curves. The exceptional 
points are the points for which both the numerator and denominator of 
at least one of the functions in (3) or (3’) vanish (this implies that there 
are no exceptional points in the case of linear transformations). In our 
second example, both the numerator and denominator of the function 


a ABER 
"Gem 
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vanish at the point (1,0) on L. This means that no point on L’ corre- 
sponds to the point (1,0) on L. 

From the viewpoint of diophantine analysis equivalent curves have 
“the same standing.” Their degrees need not be the same. But it can 
be shown that two birationally equivalent curves have the same genus. 
In other words, while neither the degree n nor the number d of double 
points is invariant under a birational transformation, the genus g of a 
curve, which is a function of these quantities, is such an invariant. 

The converse assertion is false: curves with the same genus need not 
be birationally equivalent. This is clear from the earlier example of the 
curves 


a+y=1 and 224+y?=3. 


Both of these curves have genus 0, but the first has infinitely many 
rational points and the second none. 

Thus curves of the same genus split into equivalence classes of bira- 
tionally equivalent curves. The full significance of these concepts came 
to light in the works of Henri Poincaré who, at the beginning of this cen- 
tury, made the class of birational transformations the very basis of the 
classification and investigation of the problems of diophantine analysis. 
We will discuss these matters in Chapter 12. 

At this time we note a fact that is of great importance for what 
follows: if T is a cubic curve with at least one rational point, then it is 
possible to reduce its equation by means of birational transformations 
to an equation of the form 


y = 2° + ax? +b, (5) 


where a and b are rational. In what follows we will often assume that 
the equation of T is given in the form (5). 


Notes 


1 A field is a system of elements closed under the four arithmetical 
operations (with the exception of division by zero) . Examples of fields 
are the rational numbers, the numbers of the form a + by/2 with a and 
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b rational, and the real numbers. Unless otherwise specified, it is safe 
to assume that the field involved is the field Q of rational numbers. 

2 It is clear that the sum and difference of numbers of the form 
a-+bv/3 is again of this form. The reader can check that the quotient of 
two such numbers is again a number of this form, that is, that Q(./3) 
is a field. 

3 It is easy to see that a polynomial of the form y? = fon(x), where 
fan(x) is a polynomial of degree 2n with rational root a, that is, 


fan(z) = (z — a) gan—1(2), 


can be transformed into a curve 


Y = Pan—1(u). 


|} Evaluation of Diophantus’ 
| Methods by Historians of Science | 


In what follows we will show that Diophantus had a general method 
for the determination of rational points on quadratic curves. Poincare 
showed that this method is applicable to all curves of genus O with 
a rational point. Diophantus also found general methods for obtaining 
rational points on cubic curves which differed in a fundamental way 
from those he used for quadratic curves. Poincaré’s papers show that 
these methods of Diophantus can be used to obtain rational points on 
arbitrary curves of genus 1. To this day there are no other general 
methods for finding rational points on algebraic curves. 

We will also show what role the ideas and methods of Diophantus 
played in the history of mathematics and how mathematicians from 
Viète and Fermat to Euler used them. 

To this day, the majority of historians of science, in contradistinction 
to mathematicians, have underestimated the works of Diophantus. Many 
of them thought that Diophantus limited himself to finding a single 
solution, and to obtain it used different tricks for different problems. 
For example, H. Hankel wrote: 


... having mastered 100 of Diophantus’ solutions, a modern math- 
ematician would find it difficult to solve the 101st problem ... 
Diophantus dazzles rather than delights 
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(H. Hankel, Zur Geschichte der Mathematik im Altertum und Mittelal- 
ter, Leipzig, 1874, p. 165). 

One might try to argue that such an evaluation is due to the fact that 
Hankel’s book was published before the appearance of Poincaré’s pa- 
pers which shed a new light on the issue of diophantine equations. But 
this is hardly persuasive in view of, say, the 1951 History of Mathemat- 
ics by O. Becker and J. Hofmann (O. Becker, J. Hofmann, Geschichte 
der Mathematik, Bonn). On p. 90 we read: 


Diophantus gives no general method whatsoever but seems to be 
applying for each new problem a new unexpected artifice reminis- 
cent of the East. 


Van der Waerden makes similar remarks in his “Science Awakening”: 


He (that is Diophantus) is usually satisfied when he has found 
one solution; it makes no difference to him whether the solution is 
integral or fractional. His method varies from case to case. ([6], 
p. 279.) 


In connection with indeterminate quadratic equations he says that 


(Diophantus) knows how to arrange matters cleverly so that either 
the term in x? drops out, or the constant term, so that he can solve 
for x rationally. del, p. 283.) 


Similarly, the 1961 edition of “Mathematisches Woerterbuch” states 
(under the heading Diophantus of Alexandria) that 


The solution of indeterminate equations of second and higher de- 
grees is achieved ... through the use of artifices which vary from 
case to case. (Quote due to L. Boll) 


H.G. Zeuthen’s evaluation of Diophantus is more balanced: 


In general, Diophantus tries to find some one solution of a problem, 
without looking for its general solution which includes all possible 
particular solutions. But if one wants to understand Diophantus’ 
results, then one should not attach special importance to this fact, 
for what is special about his solution is that he immediately assigns 
specific values to the auxiliary quantities which serve to solve the 
problem. 


Evaluation of Diophantus’ Methods by Historians of Science 21 


([7]. H.G. Zeuthen, Geschichte der Mathematik im Altertum und Mit- 
telalter, Copenhagen 1886. Neudruck 1966.) Elsewhere he states that 


In case of a given but arbitrary number, (Diophantus) always 
chooses a definite number and calculates with it. But his calcula- 
tions are so transparent that they yield in effect a general method. 
When it comes to unknowns, he often begins by testing certain 
values which, in general, fail to do what was required, namely sat- 
isfy a proposed equation—say, make a certain expression a square, 
and so on. But he remembers the calculations so well that he can 
immediately think of the changes needed in the selected number. 
([7]. Quote due to L. Boll.) 


Zeuthen goes on to analyze Diophantus’ methods for the solution of 
indeterminate quadratic equations. But he too fails to see in Diophan- 
tus” work methods for the solution of indeterminate cubic equations. To 
this day various mathematicians of the new era are credited with these 
methods. Thus in his “Diophantine Equations” (T. Skolem, Diophan- 
tische Gleichungen, Berlin, 1938) Skolem credits Cauchy and Lucas 
with Diophantus” methods, and Lucas—Cauchy and Fermat. Clearly, 
when it comes to credit, Diophantus seems to have been just as un- 
lucky with general methods for the solution of indeterminate equations 
as with negative numbers. 

But now let us consider his equations. 


J 


Indeterminate 
Quadratic Equations 


Before Diophantus, two types of quadratic equations had been consid- 
ered, namely 


zr +y =z? and z-a =1. 


The first of these was dealt with in ancient Babylonia. The formulas 
for its solution, 


z=k®-1 y=2k, z=k +1, 


were found by the Pythagoreans. For a = 2 all integral (rather than 
rational) solutions of the second of these equations are found in Euclid’s 
“Elements.” Archimedes, who put before Eratosthenes the well-known 
“cattle problem,” probably knew its solution for an arbitrary nonsquare 
a. 
In book II of his “Arithmetic” Diophantus considered various indeter- 
minate second-order equations and essentially established the following 
result: An indeterminate second-order equation in two unknowns has 
either no rational solutions or infinitely many. In the latter case, all the 
solutions are expressible as rational functions of a single parameter 


T= p(k), y= p(k), 
23 
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where p and y are rational functions. 
To show this we first quote problem 8 in book II: 


To divide a given square into a sum of two squares. 

To divide 16 into a sum of two squares. 

Let the first summand be «?, and thus the second 16 — z?. The 
latter is to be a square. I form the square of the difference of 
an arbitrary multiple of x diminished by the root [of] 16, that is, 
diminished by 4. I form, for example, the square of 2x — 4. It is 
42? +16—16z. I put this expression equal to 16—x?. I add to both 
sides x? + 16 and subtract 16. In this way I obtain 52? = 16x, 
hence z = 16/5. 

Thus one number is 256/25 and the other 144/25. The sum of 
these numbers is 16 and each summand is a square. 


We will now try to state Diophantus’ method “in pure form.” Thus 
consider the equation 


x+y? =a, (6) 


which represents a circle with center at the origin. One of its rational 
solutions is (0, —a). Diophantus makes the substitution 


=x, y=kı-a. (7) 


Since he has no symbol for an arbitrary k, he takes k = 2, but notes that 
one should form “ the square of the difference of an arbitrary multiple 
of x diminished by the root [of] 16,” that is, in our symbolism, the 
square of kx — 4. 

In geometric terms, the substitution (7) amounts to drawing the straight 
line 


y=kx—a (7) 


through (0, —a). This straight line intersects the circle (6) in a second 
point whose coordinates are rational functions of k. Indeed, 


2? + (kx— a)? =a? 
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and 


ee Safe 
“Eyr e "Gr 


Thus to every rational value of k there corresponds just one rational 
point on the curve (6). It is easy to see that, conversely, if we join any 
rational point on the curve (6) to (0, —a), then we obtain a straight line 
with a rational slope. 

The solution of problem 9 in book II makes Diophantus’ method even 
clearer. He states this problem as follows: 


To divide a given number which is the sum of two squares into 
two other squares. 


Diophantus gives the number 13, which is equal to the sum 4+9. Thus 
one solution, namely (2, 3), is already known. To find a second solution, 
Diophantus takes as the first number x = t+2 and as the second number 
y = 2t — 3. In other words, he draws a straight line through the point 
(2, —3) and notes, as before, that instead of the multiplier 2 one can 
choose any other number. 

It is worth noting that Diophantus takes as the known point not the 
point with positive coordinates, which we gave, but a point with a 
negative coordinate. This corresponds to a negative solution. In general, 
in intermediate computations Diophantus gladly operates with negative 
numbers, although each final solution is always rational and positive. 

Diophantus applies the same procedure in problems 16, 17, and in 
other problems in book II. 

It is easy to see that Diophantus’ method is quite general, and that it 
makes it possible to find all rational points on a quadratic curve with 
at least one rational point. Indeed, consider a quadratic curve 


in two variables with a rational point (a, b). Following Diophantus, we 
make the substitution 


z=a+tt, y=b+kt 
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and obtain 

fala +t,b+ kt) = fo(a,b) + tA(a, b) + ktB(a,b) + t?C(a, b, k) 

=0. 
Since fa(a,b) = 0, it follows that 
_ A(a, b) + kB(a, b) 
C(a, b, k) 

Thus for every rational k we obtain just one rational solution. 

If the given equation is of the form 


t= 


y? gei +br +c, (9) 
then Diophantus makes a slight change in his method and puts 


y=az-+m. 
Then 
el c— m? 
—2am-—b' 


We will try to explain the geometric sense of this substitution. To do 
this we will go over to homogeneous, or projective, coordinates. Such 
coordinates are very convenient for the investigation of the properties 
of algebraic curves and we will frequently use them in the future. This 
being so, we will consider this issue in some detail. 

Thus far, following the common approach of analytic geometry, we 
have considered the affine plane R(2, each of whose points is given 
by an ordered pair (x,y) of real numbers. Now we will consider the 
projective plane P(), each of whose points is given by an ordered triple 
(u, v, z) of real numbers not all of which are zero. We identify points 
(u,v, z) and (u1, v1, 21) if and only if uy = ku, vı = kv, and z = kz 
for k # 0. Thus infinitely many triples determine the same point. The 
numbers of an arbitrary triple which determines a point are called its 
homogeneous coordinates. 

We will now determine a (partial) one-to-one correspondence between 
the points of the planes R@) and PC), Let (u, v, z) be a point on PC), 
If z # 0, then instead of (u,v,z) we take the triple (u/z,v/z, 1) 
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(which determines the same point on P(?)) and associate with it the 
point (x,y) on R? with z = u/z, y =v/z. 

If z = 0, then there is no point on RC) which corresponds to the point 
(u,v,0) on P(2). We will call such points points at infinity. All such 
points lie on the line at infinity given by z = 0. Since the z-coordinate 
is just as “good” as the other coordinates, we have every right to regard 
the points at infinity and the line at infinity on P(?) as no less “good” 
than its finite points and lines. 

In order to go over from an equation 


f(z,y) =0 

in affine coordinates to one in homogeneous coordinates, we put 
z=ulz, y=v/z, 
and end up with an equation of the form 
D(u,v,z) =0, 

where ®(u, a, z) is a polynomial in u, v, z. For example, the equation 
of the hyperbola 

z? —y* =1, 
rewritten in homogeneous coordinates, is 


uw —v? = ST, 

To find its points at infinity, that is, its points of intersection with the line 
at infinity, we put z = 0. Then v = +u. In other words, our hyperbola 
has two points at infinity given by (1, 1,0) and (1, —1, 0) respectively! 
Both of these points have rational coordinates. Such points are called 
rational points at infinity. 

We now turn to Diophantus’ substitution. Using homogeneous coor- 
dinates we can rewrite equation (9) as 


v? = au? + buz + cz”. (9) 


Its rational points at infinity are (1,a,0) and (1,—a,0). We draw a 
straight line through the first of these points. The general equation of a 
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line in homogeneous coordinates is 


Au + Bu+Cz=0. 
But (1, a, 0) is on this line, that is, 


A-1+B-a+C-0=0. 


We can therefore put A = ka, B = —k, C = km, where m is arbitrary. 
Hence the equation of our straight line is 


au—v+mz=0, 


or, in terms of affine coordinates, 


y=axr+m. 


But this is the substitution used by Diophantus. As such, it is equivalent 
to drawing an arbitrary straight line through a rational point at infinity 
on the curve (9). 

At this point we stress that we do not claim that Diophantus knew of 
points at infinity on curves. He simply used equivalent arguments. In the 
history of mathematics there are many instances when the basic facts of 
a theory were discovered prior to the emergence of that theory and of 
its fundamental concepts. For example, this happened in the case of the 
arithmetic of quadratic fields. This arithmetic was constructed by Euler, 
Lagrange, and Gauss not only before the introduction of quadratic fields 
but also before the introduction of the concept of an algebraic number. 
The whole development transpired within the framework of the theory of 
quadratic forms, but the facts discovered in this theory were equivalent 
to the arithmetic of quadratic fields. 

The same sort of thing happened in the case of Diophantus” “Arith- 
metic.” Here certain considerations of algebraic geometry were discov- 
ered and investigated within the framework of pure algebra and number 
theory, without any geometric interpretations. 

We now consider the following question: Was Diophantus aware that 
his problems had infinitely many solutions or was he actually satisfied 
with finding a single rational solution? 

In book D Diophantus says nothing about this matter, and the infinity 
of solutions can only be inferred from his method. But in problem 19 in 
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book IM he writes “and we have learned how we can represent a square 
as a sum of squares in infinitely many ways.” 

Finally, in two lemmas associated with problems in book VI, Dio- 
phantus proves the following: If the indeterminate equation 


ax? +b=y? 


has a rational solution (zo, yo), then it has infinitely many such solu- 
tions. The first lemma pertains to problem 12 and states that 


When two numbers are given whose sum is a square, then 
squares are found in infinitely many ways such that each of them, 
when we multiply it by one of the given numbers and add the 
second, yields a square. 


In other words, if in the above equation b is positive and a+ b is a 
square, then the equation has infinitely many solutions. 

But what is the significance of the condition that a + b is a square? 
This is not difficult to see. If a +b = m?, then our equation has the 
rational solution (1, m). To prove his assertion, Diophantus puts 


z=t+l1, y=y, 
and obtains the equation 
at? + 2at +m? = y’, 


whose constant term is a square. This being so, he can find the remaining 
rational solutions by means of the usual method, that is, by putting 


y=kt-m. 


Then he obtains 


a+ km 
t=2 a 
k?—-a 
Now the unknowns z and y can be expressed as rational functions of 
a single parameter. 
Throughout his argument Diophantus uses the particular values a = 
3, b = 6, that is, m? = 9, but his method of proof is general. 
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It is interesting that 1500 years later Euler (for more about his work 
see Chapter 10) used the same substitution in his “Algebra.” He assumes 
that the equation 


y? = Az? + Br +C 


has a rational solution (Zo, yo). He puts z = t + zo, y = y and obtains 
the new equation 


pe + qt-+r=y. 


Its constant term is easily seen to be yg. Now he makes the usual 
diophantine substitution. 

The second lemma pertains to problem 15 in book VI and is of a far 
more general character 


Given two numbers. If subtraction of one of them from the 
product of a square by the other yields a square, then it is possible 
to find another square, greater than the first, that yields a similar 
outcome. 


In other words, if the equation 
ar? —b=y? (b>0) 


has a rational solution (p, q), then it has also a has a larger solution 
(p1, q1)- In turn, starting with (p1, q1), one can obtain a larger solution 
(po, q2). Here “larger” means that p < pı < p2 <  - and q < qı < 
go <». 

Diophantus carries out the proof for the case a = 3, b = 11. His first 
solution is (5,8). Using the substitution z = t + p (p = 5), he obtains 
the equation 


at? + 2apt + q? =y?, 


which he solves by the method of the previous lemma. 

In both lemmas, Diophantus’ method of proof, while illustrated by 
means of an example, is completely general. 

We see that Diophantus not only discovered the theorem stated at the 
beginning of this chapter but also proved it in full generality. 
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We note that Diophantus’ method for the solution of indeterminate 
equations of the form 


y? =ax*+br+ce 
coincides with the so-called “Euler substitutions,” familiar to students 
of mathematical analysis. In both cases x and y are expressed in terms 
of rational functions of a single parameter, and in both cases this is 


done by means of the same substitutions. The only difference is that 
when computing the integral 


dz 
J vVar? +br +c 
we need not require the coefficients of the functions involved to be 
rational, and can therefore put 


y=yar+t, or y=zt+yc. 
Not so in Diophantus’ case. Here the points involved are rational, and 
therefore the coefficients in all the substitutions had to be rational. 


This was the additional requirement which Diophantus had to take into 
consideration. 


Notes 

1 Since v = u or v = —u, it follows that the points in question 
are (u, u,0) and (u, —u, 0). Multiplication by 1/u yields (1, 1,0) and 
(1, -1, 0). 


Indeterminate 
Cubic Equations 


In book IV Diophantus considers cubic and quartic indeterminate equa- 
tions. Here things are far more involved. Even if a cubic does have ra- 
tional points, their coordinates cannot, in general, be expressed in terms 
of rational functions of a single parameter. However, if we know one 
or two rational points on a cubic curve, then we can find an additional 
rational point on it. Indeed, an arbitrary straight line intersects a cubic 
curve in three points whose coordinates can be determined from, say, 
the cubic equation obtained by the elimination of y from the equations 
of the curve T, 


is, y) = 0, (10) 


and of the straight line. If two of the roots of the resulting equation are 
rational, then so is the third. (To see this, note, for example, that the 
sum of the roots of a cubic equation is the quotient of the negative of 
the coefficient of x? divided by the coefficient of z3. If the coefficients 
and two of the roots of the equation are rational, then so is the third 
root.) This observation underlies the following two procedures: 


1. If P is a rational point on the curve I’, then we draw at P the tangent 
to D with rational slope E which will intersect D at an additional 
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rational point. (Indeed, by solving simultaneously the equations of 
the curve and the tangent we obtain a cubic equation with a double 
rational root. This means that its third root is also rational.) 

2. If P, and P, are rational points on T, then the straight line P,P, 
intersects I‘ at an additional rational point. 


We will refer to these two procedures as the tangent and secant 
methods of Diophantus. To justify this name we return to his problems. 
Problem 24 in book TV: 


To divide a given number into two numbers such that their prod- 
uct is a cube minus its side. 

Given the number 6. I take the first number to be x. Then the 
second will be 6 — x. 

The condition to be satisfied is 2,12 = y? — y. But 2112 = 
62 — x?. This expression is to be equal to y? — y. Thus I form 
y = ax — 1 , where a is arbitrary, for example, a = 2. So I now 
form 


(22 — 1)? — (22 — 1) = 82% — 122? + 4z. 


This expression is to be 6z — x”. If the coefficients of x in both 
expressions were equal, z would be rational. 4 arises out of 3-2—2, 
but 6 comes from the data. 1 must therefore determine a so that 
3a — a is equal to 6. I must therefore put y = 32 — 1 and I obtain 


y? — y = 272° — 272? + 6a. 


This expression must be equal to 6z — x. It follows that z = 
26/27. Therefore 


zı = 26/27, xe = 136/27. 
We will now try to set down Diophantus’ method “in pure form.” 
Let a denote the given number and x and a — = the required numbers. 
We know that 


z(a — z) = y — y. (11) 
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One of the rational solutions is (O, —1). Following Diophantus, we pass 
through this point the line 
y=kx-—1 (x) 
(Diophantus takes initially k = 2) and find its point of intersection with 
the curve (11): 
az — a? = Ka — 3k?%2? + 2kx. 
For x to be rational it suffices to put 
2k=a, thatis, k=a/2, (xx) 
which is what Diophantus does. Then we obtain 
_3k-1_,30%-4 
ge e 
To explain the significance of the condition (**) for the straight line 
(x) we apply Diophantus’ method to the arbitrary cubic equation in two 
variables (10) with a rational solution (a,b) : f3(a,b) = 0. We draw 
through P(a, b) the straight line 


y—b= k(x- a), (12) 
or 
z=a+t, y=b+kt. (13) 
Then 
fala +t,b+ kt) = fs(a,b) +tA(a, b) + ktB(a, b) 
+ t2C(a, b, k) + t? D(a, b, k) 
=0. 
But /3(a, b) = 0 and, if we put 
A(a,b) + kB(a,b) =0, (14) 


then we obtain 


_Ala,b) ` (OB 2/2 


~ B(a,b) b) MP), 
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that is, the slope of the line (12) must be chosen so that it is tangent 
to the curve (10) at the point P(a, b). Thus here Diophantus uses the 
method of tangents. 

Diophantus uses the same method to solve problem 18 in book VI, 
as well as, very likely, the problem 


a +y =a —B. 


According to him, he solved the latter problem in his book “Porisms,” 
which has not come down to us. 

We note that in the course of his computations Diophantus obtained 
a purely computational method for the determination of the slope k of 
the tangent u, or 


dy ZS Js 

de Oa! dy’ 
This method, which dispenses with the need for limits and can therefore 
be implemented purely algebraically (in a field without a topology), 
played an important role in the historical process of formation of the 
derivative—especially in the work of Fermat and Descartes—and is now 
widely used in algebraic geometry. 

We now go over to problem 26 in book IV in which Diophantus uses 

the method of secants. 


To find two numbers such that their product augmented by either 
gives a cube. 

I put zı = dit with a = 2, say, so that zu = 8a. Let zo = 
x? — 1. Then one condition is satisfied, for 2172 + 21 is a cube. 

It remains to fulfill the requirement that 2,22 + za is also a 
cube. But 2122 + 22 = 828 + z? — 8z — 1. I put this expression 
equal to the cube of 22 — 1, that is, equal to 82° — 127? +62 — 1. 
Then z = 14/13. 

But then zı = 112/13, 22 = 27/169. 


Following Diophantus, we denote the first unknown by oo and the 
second by x? — 1. Then the first condition of the problem is satisfied 
and the second yields 


ge +z? — ar -1 =g. (15) 
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Diophantus makes the substitution y = az — 1 and obtains 
a? + 3a 
z= Gg, 
1 + 30? 

We consider in some detail the method used by Diophantus in this 
case. One of the rational solutions of (15) is (0, —1). We draw the 
straight line y = kx — 1 through this point and find its point of inter- 
section with (15): 


(a? — k?)z3 + (1 +3k2)2? — (a? + 3k)x = 0. 
In the previous case, Diophantus put the coefficient of x equal to 
zero. Here he puts the coefficient of x? equal to zero and obtains 
aœ Rss k=a. 


What is the geometric significance of this step? To answer this ques- 
tion we rewrite (15) in terms of homogeneous coordinates. Putting 
x = u/z, y=v/z we obtain 


au? + uz - gas" - z3 = v3 (15) 


We see that this curve has the rational points P, (0, —1, 1) and Pa(1, a, 0) 
which determine the line 


V=0QU-2. 


The intersection of (15’) and this line yields a third rational point. Thus, 
in this case, Diophantus uses the method of secants when one of the 
rational points is finite and the other is a point at infinity. 

Diophantus also uses his methods of tangents and secants in other 
problems in books IV and VI. 


/ 


Diophantus 
and Number Theory 


The books of the “Arithmetic” which have come down to us contain no 
investigations in number theory in the strict sense of the term. However, 
when stating a problem or solving it, Diophantus sometimes includes 
the conditions under which it is solvable or unsolvable, or notes that a 
number obtained in the process of solution cannot be represented as, say, 
a sum of two squares. This is how theorems of number theory turn up 
in the “Arithmetic.” To judge by a remark of Diophantus, he considered 
these and similar theorems in a special book titled “Porisms,” which 
has not come down to us. This being so, the best we can do to form an 
opinion about Diophantus’ knowledge of number theory is to rely on 
the remarks and diorisms (restrictions) found in the “Arithmetic.” We 
begin with problem 19 in book II: 


To find four numbers such that the square of their sum plus or 
minus any one singly gives a square. 

Since in any right triangle, if we add to the square on the hy- 
potenuse, or subtract from it, twice the product of the sides of the 
right angle we obtain a square, I look first for four right triangles 
with the same hypotenuse. This is the same as dividing a square 
into a sum of two squares in four ways, and we know infinitely 
many ways of dividing a square into a sum of two squares. 
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Take two right triangles in the smallest numbers 3, 4, 5 and 5, 
12, 13. Multiply the first by the hypotenuse of the second and vice 
versa. Then the first triangle will be 39, 52, 65 and the second 
25, 60, 65. These are right triangles with equal hypotenuses. 

65 can be divided into a sum of two squares in two ways, into 
16 and 49 and into 64 and 1. This is because 63 is the product of 
13 and 5, each of which numbers is the sum of two squares. 

Now from 49 and 16 1 take roots, 7 and 4, and form from the 
two numbers 7 and 4 the right triangle 33, 56, 65. 

Similarly, 64 and 1 have roots 8 and 1, and I form from them 
another right triangle whose sides are 16, 63, 65. Thus we have 
obtained four right triangles with equal hypotenuses. Now I return 
to the original problem. I put the sum of the four numbers equal 
to 65x, form the fourfold area of each triangle, multiply it by x?, 
and obtain in this way 


zı = 40562?, z2 = 30002°, gzz = 36962", 24 =20162?. 
The sum of these four numbers is 12768x? and is equal to 65x. 
This gives z = 65/12768. Thus 
zı = 17136600 - Lin, 
zo = 12675000 - 1/n, 
x3 = 15615600 - Lin, 
24 = 8517600 - 1/n, 
with n = 163021824. 


This problem is remarkable in many respects. Here Diophantus talks 
for the first time about triangles “in the smallest numbers” and about 
forming such triangles from “two numbers.” Of course, the issue here 
is finding rational solutions of the indeterminate equation 


a? + y? = 2?, 


which we discussed in Chapter 5. The most general formulas for its 
solution were given by Euclid in his “Elements.” Diophantus uses them 
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without special stipulations. These formulas are: 


së +0, 
z = 2pq, 
y=pP- 8. 


They yield all primitive solutions of the equation for coprime p and q 
with different parities. (Since the equation is homogeneous, the exten- 
sion of the domain of solutions from the integers to the rationals yields 
nothing new.) These solutions can be obtained by the same method 
which Diophantus used in problem 8 of book IT to divide a given square 
into a sum of two squares (see Chapter 5). 

Moreover, this problem contains the assertion that the product of two 
integers each of which is a sum of two squares is itself representable 
as a sum of two squares in at least two ways (provided that the two 
integers are unequal). Specifically, if 


p=0+b and g=d+d, 
then 
pq = (ac + bd)” + (ad — bc)? 
= (ad + be)? + (ac — bd)?. 


It was in remarks related to this problem that Fermat stated his famous 
assertion that every prime of the form 4n + 1 is representable as a sum 
of two squares in just one way. In the same connection he gave a method 
for determining in how many ways a given number can be written as a 
sum of two squares. 

Did Diophantus know these propositions? To answer this question we 
consider another problem, supplied with diorisms (restrictions) which 
deal with the representation of a number as the sum of two squares. 
This is problem 9 in book V: 


To divide unity into two parts such that, if the same number be 
added to either part, the result will be a square. 


The statement is followed by a diorism which must be imposed on 
the given number for the problem to be solvable. Unfortunately, the text 
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following the words “The given number must not be odd, and double 
the number plus unity...” is distorted. There are reconstructions which 
we will consider below. But first the text of the problem. 


We are to add to each part 6 so that the result be squares. 

Since we want to divide 1 so that upon addition of 6 to each 
part we get a square, the sum of the squares will be 13. Thus 13 
must be divided into two squares each of which is greater than 6. 

If I divide 13 into two squares whose difference is less than 1, 
then the problem is solved. I take half of 13, obtain 63, and ask 
what fraction increased by 63 is a square. I multiply by 4. Thus I 
look for a square fraction which when added to 26 yields a square. 
Thus 26 + 2 is a square, hence also 26a + 1. I put 


262? + 1 = (52 +1) 


and obtain x = 10. Thus z? = 100, 1/x? = 1/100. 

This means that what is added to 26 is 1/100, which means that 
what is added to 64 is 1/400, which gives the square (51/20)?. 

So it is necessary to take the root of each of the squares, whose 
sum is 13, close to 51/20. And so I ask what number subtracted 
from 3 and added to 2 will give that much, namely 51/20. 

So I form the squares of 11x + 2 and 3 — 9x. Their sum is to 
be 13. Hence 


2022? — 102 + 13 = 13, 


and so z = 5/101. 

This means that the root of one square will be 257/101 and of 
the other 258/101. And if from the squares of each I remove 6, 
then I get as parts of unity 5358/10201 and 4843/10201, and it is 
clear that each together with 6 yields a square. 


We wish to point out that when solving this problem Diophantus 
made use of interesting new methods that historians of mathematics 
have paid little attention to. The equation az? + 1 = y? (a = 26) with 
which he is concerned is now known as the Fermat equation. It was 
of great interest in the 17th and 18th centuries. In subsequent problems 
Diophantus refers to the procedure of finding squares with given sum 
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each of which must satisfy an inequality as an approximation procedure. 
Basically, the problem just presented deals with approximating 26. 
We will not explore the many issues that arise in connection with this 
problem and will focus on the diophantine restrictions. But we suggest 
that the reader should work through the problem and try to interpret it 
geometrically. 

[Translator’s note: This paragraph was taken from the German trans- 
lation of this book published by VEB Deutscher Verlag der Wissenss- 
chaften, Berlin, 1974.] 

We can write the conditions of the problem in the form of the system 
of equations 


z+y=1, 
sta=u, 
y+a=v. 


Addition of the last two of these equations yields 


2a +1 =u? La 


Therefore a must be chosen so that 2a + 1 is a sum of two squares. 

It can be shown (see [5], p.270) that a number is representable as 
a sum of two squares if and only if its squarefree part is not divisible 
by a prime of the form 4n — 1. How close was Diophantus’ diorism to 
this condition? Since we have only its distorted version (see p. 36), the 
answer to this question must be based on a reconstruction of the text. 

One of the famous mathematicians of the 19th century Carl Gustav 
Jacob Jacobi (1804-1851), a younger contemporary of Gauss, devoted a 
special investigation to this issue (“Ueber die Kenntnisse des Diophan- 
tus von der Zusammensetzung der Zahlen.” Berliner Monatsberichte 
1847 (Gesammelte Werke, VII, 1891, p. 336)). He carried out a de- 
tailed philological investigation of Diophantus’ text and proposed the 
following reconstruction of it: 

“The given number (that is a) must not be odd and double the number 
plus 1 must not be divisible by any number which, when increased by 
1, is divisible by 4.” 
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A similar reconstruction of this text was subsequently made by Paul 
Tannery, the great expert on antiquity and editor of Diophantus (the 
1893 edition). 

This condition is necessary only if we add to it the stipulation “after 
division by the largest square in it.” It seems that Diophantus assumed 
it. But then the condition is also sufficient, that is, it fully characterizes 
the set of whole numbers representable as a sum of two squares. 

Jacobi assumed that Diophantus had a proof that his condition was 
necessary, that is, that he could justify his diorism. In his paper he gives 
a reconstruction of such a proof using only methods used by Euclid and 
Diophantus in their works. 

Jacobi was sure that Diophantus knew that his condition was also suf- 
ficient but could not prove this because a proof required means beyond 
those of ancient mathematics. 

We note that after Diophantus it was only Fermat who gave a general 
condition for a number not to be representable as a sum of two integral 
or fractional squares. Here is Fermat’s formulation: 


if an integer has a prime divisor of the form 4n — 1 and has no 
square divisor, then it cannot be a sum of two squares (“not even 
in fractions”) [19], p. 63. 


This “negative” criterion is equivalent to the “positive” criterion for 
the representability of a number as a sum of two squares stated on p.29. 
Both can be deduced from a remarkable theorem formulated by Fermat 
and proved by Euler. It states that the primes representable as sums of 
two squares are precisely those of the form 4n + 1. 

In problem 14 of book V Diophantus states a necessary condition for 
a number to be representable as a sum of three squares. The diorism is 
to the effect that the number must not be of the form 8n + 7. Here the 
proof of necessity probably presented no difficulty for Diophantus, but 
nowhere does he assert that every odd number not of the form 8n + 7 
is representable as a sum of three squares; this in spite of the fact that 
he could have found this proposition in a purely inductive manner. 

Bearing in mind the principle of the ancient mathematicians that one 
only stated propositions which one could prove, it is safe to assert that 
Diophantus could prove all his diorisms. But then he was not only a 
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brilliant algebraist, not only the founder of diophantine analysis, but 
also an outstanding number theorist. 


8 


Diophantus and the 
Mathematicians of the 
15th and 16th Centuries 


There were commentators on the work of Diophantus in antiquity. The 
works of the famous Hypatia, daughter of the Alexandrian scholar 
Theon, were devoted to an analysis of his books. Hypatia lived at the end 
of the 4th and at the beginning of the Sth centuries. She acquired fame 
as a brilliant orator and expert on Plato’s philosophy. Unfortunately, her 
works have not come down to us. 

We know of no Alexandrian mathematician after Hypatia. The last 
Greek scholars, Proclus, Isidorus, and Simplicius, worked in Athens. 
But here too scientific thought was extinguished at the beginning of the 
7th century. Antique science perished together with antique society. In 
the period between the 9th and 13th centuries there appeared new scien- 
tific centers in Constantinople, Baghdad, and other cities of the Arabic 
East. Beginning in the 12th century, scientific thought travelled from 
these centers to Europe. Two streams carried the ideas of Diophantus. 
One might call them the algebraic and number-theoretic, or arithmeti- 
cal, respectively. European scholars became familiar with Diophantus’ 
algebraic ideas 300 years before learning his arithmetical ideas. This is 
not surprising. The new algebra was taken up by Diophantus’ Byzantine 
commentators (M. Planudes and G. Pakhimeres, who lived in the 13th 
c.) as well as by Arabic mathematicians, especially Abu’l Wafa and his 
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school (10th c.). True, the Arabic mathematicians used words rather 
than literal symbols for denoting powers of the unknown. Moreover, 
in working with powers of the unknown they used the awkward mul- 
tiplicative principle instead of the convenient additive principle used 
by Diophantus. For example, they called zê “square-cube,” and not, 
like Diophantus, “cube-cube.” In the case of z* they could not devise 
a name based on the lower powers of the unknown, because 5 is a 
prime and cannot be written as a product of smaller factors. Hence 
the name “dumb,” or “first inexpressible.” The same difficulty arose 
in connection with all prime powers of the unknown. This notational 
principle was taken over from the Arabs by European mathematicians. 
In particular, it was used in Italy during the Renaissance and later by 
the German algebraists known as cossists. One exception was the gifted 
13th-century mathematician Leonardo Pisano, a contemporary of Dante. 
In his famous “Liber abaci” he not only used the additive principle for 
powers of the unknown but also was the first European to consider 
problems which reduced to indeterminate equations. 

Diophantus’ rules for operating with polynomials and equations were 
used in the Middle Ages by practically all algebraists. 

Negative numbers were adopted far less readily. Arabic mathemati- 
cians did not use them at all, and Europeans accepted them with a great 
deal of scepticism. For a long time they called them “false numbers” 
and tried to manage without them. 

But Diophantus’ “Arithmetic” contained a second, far deeper, cir- 
cle of ideas, namely diophantine analysis. For a long time these ideas 
were completely unknown. The paradoxical situation which prevailed 
in Europe in the 15th and 16th centuries was that scholars used and de- 
veloped the literal algebra derived from Diophantus but knew nothing 
about his works. 

It seems that the first to read Diophantus’ works was the 15th-century 
astronomer Regiomontanus (Johann Muller). While travelling in Italy, 
Regiomontanus discovered Diophantus’ manuscript in Venice and wrote 
about it to a friend. The content of the manuscript was amazingly rich. 
Regiomontanus decided to translate it, but first tried to locate all the 13 
books mentioned by Diophantus in his introduction. However, only six 
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books, namely the ones known today, were found and the translation 
was not made. 

100 years passed. During that time none of the eminent algebraists, 
such as Cardano and Tartaglia, knew anything about Diophantus. But 
in 1572, 143 problems from Diophantus’ “Arithmetic” appeared in the 
“Algebra” of Rafael Bombelli, a professor at the University of Bologna. 
In the introduction to this work Bombelli writes that “last year a work 
dealing with this subject was found in the library of our Lord in the 
Vatican, written by a certain Diophantus, a Greek author who lived at 
the time of Antoninus Pius.” Antoninus Pius was a Roman emperor who 
lived in the 2nd century AD. It is a mystery what source Bombelli relied 
on for information about the date of Diophantus’ life. After reading the 
manuscript, Bombelli concluded that its author was “highly knowledge- 
able in the science of numbers.” “In order to enrich the world with a 
work of such importance,” Bombelli and Pacci, the latter a Roman math- 
ematician who found the manuscript, decided to translate it. Bombelli 
states that “we translated five of the seven books but could not trans- 
late the remaining ones because of other obligations.” The reference 
to seven books is baffling. The Vatican manuscript consists of just six 
books. It is conceivable that the seventh book got lost. If the translation 
of Bombelli and Pacci had come down to us, then we could compare it 
with the books in our possession and check whether our assignment of 
the problems to the respective books agrees with Bombelli’s. Unfortu- 
nately, the translation has disappeared without a trace. 

Bombelli’s “Algebra” is remarkable in many respects. It contains im- 
proved algebraic notation for powers of the unknown. Complex num- 
bers, a-+bi,i? = —1, appeared here for the first time, including precise 
rules of operation on them. Finally, complex numbers were used in this 
work to investigate the so-called irreducible case of a cubic equation. 
For us Bombelli’s book is important because it included for the first 
time Diophantus’ problems, admittedly presented out of context. 

Diophantus’ “Arithmetic” influenced the whole of Bombelli’s book. 
In the original manuscript his own problems were presented in a pseudo- 
practical form, but in the final version of the book they were formulated 
abstractly, in the manner of Diophantus. Bombelli also changed some 
terms and brought them closer to those he found in Diophantus. 
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The first Latin translation of the “Arithmetic” appeared just three 
years after the publication of Bombelli’s “Algebra.” It was prepared by 
the famous philologist and philosopher Xylander (his true name was 
Holzmann). On the whole, his translation was a good one, but one 
senses that its author had no familiarity with mathematics. 

In 1585, the problems in the first four books of Diophantus appeared 
in the book of the well-known mathematician and mechanician Simon 
Stevin. The second edition of this book, prepared by the gifted algebraist 
Albert Girard, included the problems in the remaining two books. But 
Diophantus’ methods were fully revived only in the works of the two 
greatest French mathematicians of the 16th and 17th centuries, François 
Viète and Pierre Fermat. 


Diophantus’ Methods in the 
Works of Viete and Fermat 


Francois Viete is rightly called the father of the literal calculus. Before 
its appearance one can speak of algebra only in a limited sense. After 
Diophantus, it was Viéte who took a truly new step towards the con- 
struction of such a calculus. Viète introduced symbols for the arbitrary 
constant magnitudes (parameters) in problems. It was only then that 
the first formulas appeared and it was possible to replace some mental 
operations with literal ones. 

In problem 16 of book V, Diophantus writes: “and we know from the 
Porisms: The difference of two cubes can be represented as a sum of 
two cubes.” Obviously, what is at issue is the solution of the equation 


ayy = a5 py (+) 


for a > b > 0 and positive x and y. There is no solution of this problem 
in the “Arithmetic.” 

Bombelli proved this porism in his “Algebra.” He paid no attention 
to the method itself. At any rate, he stated no other problems which 
could be solved by means of this method. In his book with the unusual 
title “Zetetics” (from the Greek (nrew, to search) Viéte also proved this 
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diophantine porism and posed two additional analogous problems: 

1. o y? =a +b? (c>y>0, a>0, b>0), 

2. ya 1 (c>y>0, a>b> 0). 
He solved all three problems by means of Diophantus’ method of tan- 
gents. For example, to solve the problem (+) Viète puts 

z=t—b, y=a-kt, 
and obtains after substitution 
(1 — k?) + 3 (ak? — b) + 3t(b? — a?k) = 0. 


Then he puts b? — a?k = 0, which is equivalent to the requirement that 
the straight line y = a — k(x +b) be tangent to the curve (x) at (—b, a), 
and finds that 

` Zoch 

B+ 


For x and y we obtain the expressions 


a Zei — b? 
a? +53’ 

a E 
y= ae + 63 ’ 


which show that the solution will be positive only if a? > 2b°. This goes 
against Diophantus’ claim, connected with the equation (+), that “The 
difference of two cubes can be represented as the sum of two cubes.” 
It was Fermat who managed to solve this riddle, and to overcome a 
similar difficulty associated with the equation 


added by him to the equations of Diophantus and Viéte. If this problem 
is solved by means of the method of tangents, the difficulty that crops 
up is that either x or y is negative, that is, the sum of two cubes is 
represented as the difference, rather than the sum, of two new cubes. 
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Fermat's idea for overcoming these difficulties was to iterate the 
method of tangents. In one of his comments on a problem in the “Arith- 
metic,” he considers the equation 


42° +62? +4¢+1= 23 


and says that after the “first operation” one gets x = —9/22. Indeed, 
this is the value obtained by applying Diophantus’ method of tangents, 
that is, by putting z = $a +1. 

Since zx is negative, Fermat applies a “lift” by putting x = t— (9/22), 
and then applies the method of tangents once more. The lift yields an 
equation of the form 


4 + At? + Bt +23 = 23. 


If we apply to it the substitution z = (B/3z?)t + zı, then we obtain a 
positive solution. 

This method of Fermat is described in detail in de Billy’s “Inventum 
Novum,” where the author stresses that the method yields infinitely 
many solutions in the case of equations of the form 


y = Ziel, y = f(x), and y? = biz), 


where f„(z) is a polynomial of degree n with rational coefficients. 

To come back to Diophantus’ assertion. Can we assume that he had 
iterated the method of tangents long before Fermat? 

In 1621 Bachet de Méziriac published a new translation of Diophan- 
tus’ “Arithmetic.” The new translation was superior to Xylander’s and 
contained the Greek text as well as its Latin translation. This edition 
became famous not only because of the quality of the translation and 
Bachet’s detailed commentaries but also because Fermat jotted down 
in his copy of the book his thoughts and results pertaining to number 
theory. On the margin next to problem 8 of book IL, in which Dio- 
phantus divides a square into a sum of two squares (see Chapter 5), 
Fermat wrote: “On the other hand, it is impossible to separate a cube 
into two cubes, or a biquadrate into two biquadrates, or generally any 
power except a square into two powers with the same exponent. I have 
discovered a truly marvellous proof of this, which however the margin 
is not large enough to contain.” (See, for example, [4], p. 108.) This 
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is Fermat's famous Last Theorem which has brought its author fame 
far beyond the confines of mathematics. This theorem has played an 
exceptionally important role in the history of mathematics. It was the 
subject of investigations by Euler, Legendre, Dirichlet, Kummer and 
other great mathematicians whom it stimulated to construct a new do- 
main of mathematics known as higher arithmetic, or the arithmetic of 
fields of algebraic numbers. 

Who was the author of the Last Theorem? What do we know about 
him? More than about Diophantus but Jess than about many of his 
contemporaries. 

Pierre Fermat was born in 1601 in the south of France, near Toulouse, 
into a prosperous middle-class family. He received a fine education. He 
had an excellent command of Latin, Italian, and Spanish, and wrote 
splendid poems in all these languages and in his native French. He knew 
Greek so well that he corrected many learned translations (including that 
of the books of Diophantus) and could have acquired fame as an expert 
on Hellenism. Due to his legal training, he became a councilor of the 
Parliament (that is tribunal) of the town of Toulouse, where he spent 
most of his life. Very likely, his life seemed to resemble the lives of his 
fellow councilors and of his many merchant-relatives. Fermat married, 
had five children, and seldom left Toulouse. But this orderly and seem- 
ingly calm life was tense and stormy. Its core was mathematics, which 
he came to love by reading the ancient authors, Archimedes, Apollonius, 
and Diophantus. One of Fermat’s first works was his reconstruction of 
Apollonius’ lost treatise “On plane loci,” referred to by Pappus. From 
then on he was possessed by mathematics. This is best seen from his 
correspondence. Since he lived far from the scientific centers of his 
time, Fermat was forced to present his results in letters. More than a 
hundred of these letters have survived. They make compelling reading 
to this day. They exude their author’s passionate desire to know the 
truths of mathematics, a desire which took hold of him at an early time 
with irresistible force. 

Fermat was undoubtedly the leading mathematician of his time. He 
created the most general new methods of the part of mathematics which 
came to be known as infinitesimal analysis. He and Descartes created 
analytic geometry. He and Pascal created the foundations of probabil- 
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ity. Like all scientists of that time, Fermat was very much interested in 
the application of mathematics to the study of physical phenomena. In 
particular, he studied optics. Using the minimal principle now named 
after him he was able to explain how a ray of light moves in an inho- 
mogeneous medium. 

Fermat loved number theory. In this area he had no equal. He was 
able to select from many interesting questions and special problems 
those fundamental problems whose investigation made number theory a 
science. Fermat’s problems were studied by the greatest mathematicians 
of the 18th and 19th centuries, beginning with Euler and ending with 
Hilbert. 

We speak of “problems” rather than “theorems” because most of Fer- 
mat's assertions have come down to us without proof. They are stated 
on the margins of his copy of Diophantus’ arithmetic or in letters in 
which he asked fellow scholars to prove them. The one exception is the 
Last Theorem for biquadrates, whose proof he set down. What Fermat 
did describe was his new method for proving number-theoretic proposi- 
tions which he named “the method of infinite or indeterminate descent.” 
We quote from the letter in which he describes his new method: 


. . Since the usual methods presented in books do not suffice 
to prove such difficult propositions [of number theory], I found a 
completely new way to achieve this. 

I called this method of proof infinite or indeterminate descent, 
at first I used it only to prove negative propositions, such as the 
following: 

That there exists no number one less than a multiple of three 
which is composed of a square and three times a square; 

That there exists no right triangle in whole numbers whose area 
is a square number. The proof is by reductio ad absurdum. If there 
existed a right triangle in whole numbers whose area were a square, 
then there would exist another such triangle, smaller than the first, 
with the same property. Then, by a similar argument, there would 
exist a third with this property, smaller than the second, and a 
fourth, fifth, descending to infinity. But given a whole number, 
there is no infinite descent through smaller numbers. (I have always 


56 Diophantus and Diophantine Equations 


in mind whole numbers). Hence the conclusion that there is no right 
triangle with square area.! 


We note that the proposition about the area of a triangle whose sides 
are given by whole numbers, which Fermat uses to demonstrate his 
method, is equivalent to the proposition that there are no two biquadrates 
whose difference is a square. A fortiori, there are no two biquadrates 
whose difference is a biquadrate. But this is the Last Theorem for 
biquadrates. Its proof by the method of descent, Fermat’s only number- 
theoretic proof, has come down to us. Later Euler used the method of 
descent to prove the Last Theorem for n = 3 and n = 4. 

Today Fermat’s method of descent is an irreplaceable tool in the 
study of problems of diophantine analysis. But the use of this method 
in problems which involve rational points on a curve or on some other 
manifold has necessitated the introduction of the new concept of “height 
of a point.” 

For example, let there be given an indeterminate equation 


f(z,y) =0, (*) 


about which we want to prove that it has no rational solutions. For proof 
we go over to homogeneous coordinates 


z=u/lz, y=v/z 
and obtain an equation 
(u,v, z) =0. (**) 


To every rational solution of (x) there corresponds an integral solution 
of Goal, Thus it suffices to show that (oa) has no integral solutions. 
For example, if (x) is of the form 


Az” + By” =C, 
then (x**) is of the form 
Au” + Bu” = Cz” 


Let (u, v, z) be an integral solution of (xx). We define the height of the 
point (u,v, z) as the largest of the numbers |u|, |v], |z|. To realize the 
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“descent,” we must show that if the coordinates of a point of height h 
satisfy the equation (**), then the coordinates of some other point of 
height hi < h will also satisfy it. Since there are only finitely many 
positive integers less than h, (**) has no integral solutions, and thus (*) 
has no rational solutions. 

We conclude with a comment on Fermat’s treatment of quadratic and 
cubic indeterminate equations of the form f(z,y) = 0. All we can 
say in this connection is that Fermat understood Diophantus’ ideas and 
skillfully applied his methods, to which he added only the lifting of 
a curve. Problems which reduce to finding rational solutions of cubic 
equations are found on the margins of Fermat’s copy of the “Arithmetic” 
as well as in de Billy’s work written after Fermat’s death with a view 
to clarifying his methods. In this work, titled “Doctrinae Analyticae 
inventum novum”, which was added to Fermat’s collected works (edited 
by Paul Tannery), Diophantus’ methods are applied in a detailed and 
methodical way, but nothing new has been added to them. 


Notes 


1 This letter to Carcavi was published in Oeuvres de Fermat, vol. Il, 
p. 43, Paris 1891. 
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Diophantine Equations in the 
Works of Euler and Jacobi 


Addition of points on an elliptic curve! 


The study of quadratic and cubic indeterminate equations was begun 
by Diophantus. The first stage of this study was completed by Euler 
(1707-1783). 

Euler, the greatest mathematician of the 18th century, occupies so 
leading a position in mathematics that there is literally no area of the 
subject to which he has not contributed fundamental results, deep ideas, 
or powerful general methods. In particular, this is true of diophantine 
analysis. 

In his “Algebra”? Euler systematically analyzed the question of ra- 
tional solutions of equations of the form 


y? sgr +br +c (16) 
and of the form 
y? =ax® + ba? +cr+d, (17) 


and gave a precise formulation of the difference between the two cases. 
Thus he prefaced his investigation of equations of the form (17) with 
the following observation: 


To begin with, we must state here as well that one cannot, as 
before, give a general solution. Rather, each operation enables us 
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to find just one value of x, whereas the method used earlier yields 
at one time infinitely many solutions. 


Moreover, he showed how to obtain a new solution by means of Dio- 
phantus’ tangent method. His arguments were purely analytical, making 
no use whatever of geometric terminology. 

Euler observed? that certain cubic curves behave like quadratic curves, 
that is, that the unknowns x and y can be expressed as rational func- 
tions (with rational coefficients) of a single parameter, and he stated 
conditions for this to happen. Specifically, in the case of an equation 
of the form (17), it is necessary that the polynomial on the right have a 
multiple rational root: 


F3(z) = az? + bz? + cx +d 
= a(z — a)?(x — p). 
Euler himself proved the sufficiency of this condition and showed that, 


in this case, it is possible to obtain rational expressions for x and y by 
means of the substitution 


y = k(z — a). 
Using this substitution we obtain 
k?(z — a)? = a(z — a)?’ (z — p), 


whence 


It is easy to show that Euler’s condition is equivalent to the curve 
y? = F3(z) having one double point, that is, its genus is zero. Indeed, 
the equations 

y? = az? + ba? + cx +d, 
3ax? +2b2+c=0, 
2y =0, 
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which define the singular points, imply that the abscissa of a double 
point must be a root of the polynomial 


F3(z) = az? + ba? + cx +d 


and of its derivative 
F3(x) = 3ax* + 2bz +c = 0, 


and thus a multiple root of F3(x). The fact that this root can be found 
by applying the Euclidean algorithm to F3(x) and F3(z) shows that it 
must be rational. 

Later Poincaré showed that Euler’s condition is not only necessary 
but also sufficient (see Chapter 12). 

In the last years of his life Euler returned to diophantine analysis. He 
perfected his methods and for the first time applied Diophantus’ secant 
method for two given rational points on the curve (17). Specifically, let 


F3(a) = f?, F(b) = 9’. (18) 
Euler put 
y= f+ ie al 
or 
f-9 


ut gP) 


which is equivalent to passing a straight line through the points (o, f) 
and (6, ol, and obtained a new rational value of x from the equation 
-f 2 
Fula) = (1+ SL @-0)] 

For this one needs only bear in mind the equalities (18). 

These papers were published only in 1830, that is, after Euler’s death. 

Euler was the author of certain other investigations, at first glance 
unrelated to the problems of Diophantus, that contributed a completely 
new viewpoint to the treatment of these problems. We have in mind 
the famous theorem, discovered by Euler, on the addition of elliptic 
integrals. 
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Let 
y? =ar? + ba? + c+ d (19) 
be a given curve*—call it [—and let A(x, y) be a point on T. Put 
? dx 
TT(A) = / —. 
(4) Ge 


Euler's first theorem is the assertion that for arbitrary points A(x, y) 
and B(zı,%ı) on T there is a point C(x2,y2) on T such that 


II(A) + I(B) = II(C), (20) 


and such that the coordinates of C are rationally expressible in terms of 
the coordinates of A and B (that is, as rational functions with rational 
coefficients?). 

Euler’s second theorem is the assertion that if A and D are points 
on I and n is a nonzero integer such that 


II(D) = nII(A), (21) 


then the coordinates of D are rationally expressible in terms of the 
coordinates of A. In particular, for n = 2 we have 


II(D) = 211(4). (22) 


The relation (21) is sometimes referred to as the theorem on the multi- 
plication of elliptic integrals. 

If A and B are rational points, then so are C and D. This means that 
Euler’s theorem enables us to obtain from one or two rational points on 
T new rational points on T. 

The first to note the connection between Euler’s addition theorem 
and diophantine analysis was the famous German mathematician Carl 
Gustav Jacob Jacobi. He did this in the paper “On the use of elliptic 
and abelian integrals in diophantine analysis” (De usu theoriae integral- 
ium ellipticorum et integralium abelianorum in analysi Diophañtea), 
published in Crelle’s Journal, the most important 19th-century German 
mathematical journal, in 1834. It seems that Jacobi’s contemporaries 
ignored the paper in spite of its profound and interesting content. 
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At the beginning of his paper Jacobi expresses surprise that the 
“learned man” (that is, Euler) overlooked the connection which he, 
Jacobi, is about to discuss and regards as obvious. He then formulates 
the Euler addition theorem (for the case of two as well as one given 
point) and notes that given a finite number of rational points A;,..., As 
on the curve I’ one can obtain infinitely many new rational points on D 
from the relation 


H(A) = m H(A) + --- +msIl(A,), 


where m1, ..., Ms are arbitrary integers. Similarly, starting with a single 
rational point and using the relation (22) we can obtain an infinite 
sequence of rational points. However, if we assign to n the values 
+2,+3,... we need not always obtain new points. It can happen that 
for some n 


nII(A) = II(A), 


that is, after a finite number of steps we may return to the initial point. 
Jacobi is aware of this possibility and finds the determining condition 
(but to state this condition we would have to immerse ourselves in the 
study of the periods of the integrals II(A), contrary to our intentions). 
We will call points for which there is an n such that 


nII(A) =11(4) 


points of finite order. 

At the end of his paper Jacobi indicates how to extend these results 
to algebraic curves of higher degree by replacing Euler’s addition theo- 
rem with the more general theorems of Abel. Without going into these 
questions we note that these ideas of Jacobi have been developed only 
in our own time. 

We go back to the essential content of the paper and show that here 
Jacobi came close to discovering the structure of the set of rational 
points on an elliptic curve. To make this discovery he lacked not the 
technical means—of which he had a masterly command—but a new 
viewpoint, one that made its way only gradually and with difficulty in 
the last century. We will try to clarify the essence of this viewpoint. To 
do this we consider the set M of rational points on the curve T. If A 
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and B are two points in M then, by Euler’s theorem, there is a point 
C in M such that 


11(4) + 11(B) = I1(C). 
We will view C as the “sum” of A and B and write 
ASB=C. 


We write O rather than + to emphasize that we are not dealing with the 
addition of numbers. Thus we have defined on M a binary operation, 
that is, a rule of composition that associates with any two elements A 
and B in M a third element C in M. 

In modern mathematics we call a set S with a law of composition ® 
a group provided that the following conditions hold: 


1. For any three elements A, B, and C in S 
(A0B)OC=A6(BOC) (associativity). 
2. S contains an identity element N such that for all A in S 
AON=A. 


3. For every element A there is an inverse element A’ in S such that 


ABA=N. 


If, in addition, for any two elements A and B in S 


A®B=BOA, 


then the group is called commutative or abelian. Thus the integers form 
an abelian group under addition, the positive rational numbers form an 
abelian group under multiplication, and all two-by-two real matrices 
with nonzero determinant form a noncommutative group under multi- 
plication; in the latter example the unit matrix plays the role of the 
identity element. 

By analogy with operations on numbers we usually refer to the group 
operations as addition or muliplication. This being so, it is natural to 
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speak of additive inverses and multiplicative inverses. The term “addi- 
tion” is usually used in connection with commutative groups. In such 
groups the identity element is sometimes called the zero element. 

We wish to find out if the set of points M with the operation O is a 
group. 

The associativity of our operation follows from the associativity of 
the addition of integrals, where, obviously, 


[11(4) + I1(B)] +11(C) =11(4) + [I(B) +11(C)]. 


It remains to see if M contains an element that plays the role of zero 
and if for each element in M there is an additive inverse in M. 

We begin with the zero element. If M is the set of rational points 
on I, that is, points whose coordinates are finite rational numbers, then 
M has no zero point. To speak of addition of points in M we must 
supplement it with an extra point O that will play the role of zero. In 
the next chapter we explain how this is done and for the time being 
take the matter on faith. Clearly, for such an O we must have 


II(O) =0. 
Now we can find for every A its additive inverse. It is natural to say 
that A@ A’ = O if 
TI(A) + 11(4”) = 0. 


But then for A’ we must take the point that is symmetric to A with 
respect to the x-axis. Indeed, if A has coordinates (x,y), then A’ has 


coordinates (x, —y) and 
” de 
IA) = f = 
(A) = 
* da 
coo Y 
= -II(A). 


We note that 


11(4) + 11(B) = 11(B) + 11(4), 
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that is 
AGB=BOA. 


This means that our group is abelian. 

Thus beginning with Euler”s theorem and using the connection noted 
by Jacobi it is possible to make the set of rational points on an elliptic 
curve, with one additional point, into a commutative group. The points 
of finite order mentioned by Jacobi become the group elements of finite 
order (a group element is said to be of finite order n if n is the least 
positive integer such that n times that element is the zero element of 
the group). This is a modern translation of Jacobi’s observations. 

The mathematicians of the first half of the 19th century did not think 
of extending arithmetical operations to points or other objects very dif- 
ferent from numbers. This being so, Jacobi “added” not points A and 
B but integrals II(A) and 11(B), with addition of integrals given its 
usual interpretation. 


Notes 


1 An algebraic curve of genus 1 is called elliptic. 

2 This book was first published in Russian under the title “Univer- 
sal arithmetic” (1768-1769). Later there appeared many German and 
French translations of it. 

3 This was already noted by Diophantus. Thus problem 6 in book IV 
can be reduced to the equation 


z? + 162? = x3, 
which yields x and y as rational functions of a single parameter: 
z = 16/(a* — 1), 
y = ax = 16a/ (a — 1). 


4 Euler considered the theorem for curves y? = Poto) and y? = 
Fa(x). We limit ourselves to the first case. The second case can be 
reduced to the first. 

5 Euler found explicit expressions for these functions. Thus, given 
the coordinates of A and B, one can compute the coordinates of C. 


Tae 
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The Geometric Meaning of the 
Operation of Addition of Points 


We pose the following question: is there a connection between Euler’s 
addition theorem and Diophantus’ tangent and secant methods? After 
all, in both cases we start with one or two rational points on the curve 
T and obtain new rational points on I’. Neither Euler nor Jacobi refer 
to such a connection—and yet one exists! 

Let us make our question more precise. By Euler’s theorem, given 
two points A and B on T we can find a point C on T such that 


II(C) =11(4) + I(B). 


On the other hand, let us pass a line through A and B and find its inter- 
section C” with T. Is there a connection between C and C”? The answer 
is yes and the connection is very simple. The two points are symmetric 
with respect to the z-axis, that is, if C has coordinates (£2, ya) then C” 
has coordinates (x2, —y2). 

Now the geometric sense of the operation of addition of points on a 
curve is obvious: the sum of points A and B on T is the point C on T 
symmetric, with respect to the z-axis, to the point of intersection of T 
with the line AB. 

The limitation of this method is that we cannot use it to add A to 
itself, that is, to obtain 2A. To get around this difficulty we proceed thus. 
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Following Diophantus’ first method, we pass through A the tangent to 
D at A and find D’, its point of intersection with D. The point D’ is 
symmetric to the point D obtained by Euler’s method: II(D) = 211(4). 
This means that we can determine the point 2A, and, more generally, 
the point nA for all n by purely geometric means. 

With this interpretation of addition, which point will play the role of 
zero? To answer this question we proceed as in Chapter 6, that is, we 
go over to homogeneous coordinates. If we put 


z=u/lz, y=ou/z, 
then equation (19) becomes 


vz = u? + auz? tbe, (19’) 

Equation (19”) shows that if z = 0 then u = 0 and vis arbitrary. Since 
the (homogeneous) coordinates are determined up to a multiplicative 
constant, we take v = 1. 

We assume that the point at infinity on our curve corresponds to the 
triple (0, 1,0) and denote that point by O. We further assume that O”, 
the point symmetric to O with respect to the z-axis, coincides with O. 

We will show that the point O plays the role of zero. We note that 
all vertical lines u = cz intersect at O. Indeed, z = 0 implies u = 0, 
and o can be taken to be equal to 1. 

Now let A be a rational point on the curve T' with coordinates 
(Zo, Yo). By what has just been proved, the line through A and O 
is vertical, that is, its equation is 


T = To. 


This line will intersect the curve T in three points, namely A, O, and the 
point A'(xo, —yo), symmetric to A with respect to the x-axis. According 
to our definition, the sum of A and O is the point symmetric to A’, that 
is, A itself. This means that 


KEISER? 


Finally, the additive inverse of A is A’ (£o, —yo). To see that this is 
so note that the line joining A and A’ is vertical, and thus intersects D 
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at O. By definition, the sum of A and A’ is the point symmetric to ©, 
which, by assumption, coincides with O. Thus 


A94'=0. 
We note that our point O has the property 
00 
men = = =0. 


Thus Euler’s addition theorem also implies that the role of zero must 
be played by a point at infinity. 

We see that the “addition” of points on an elliptic curve can be based 
on Diophantus’ procedures. Were Euler and Jacobi aware of this? More 
precisely, did they know that three points on T' with 


II(A) @ LE e TLC) =0 


are collinear? Neither Euler nor Jacobi mention this but Euler may have 
known it, and Jacobi should have known it very well indeed. On the 
other hand, both formulated the addition theorem for a curve 


y? = azt + bx? + cx? +da+e (x) 


without bothering with cubic curves. And for curves (x) with ratio- 
nal points the addition theorem has no simple and uniquely determined 
geometric sense. Furthermore, neither Euler nor Jacobi attached signif- 
icance to the geometric interpretation of analytic expressions. 

In spite of the simplicity of the reasoning underlying the “addition” of 
points on an elliptic curve, it was about 70 years before this reasoning 
became the basis for a systematic study of the structure of the set of its 
rational points. This was done at the beginning of this century by the 
great French mathematician Henri Poincaré. 


12 


The Arithmetic of 
Algebraic Curves 


Jacobi’s paper remained unnoticed, and the first to conceive of the idea 
of constructing an arithmetic on an elliptic curve was Poincaré. Nev- 
ertheless, a great deal of work was done between 1834 and the end of 
the 19th century in the study of the geometry of algebraic curves. The 
concept of genus of an algebraic curve (see Chapter 3) first appeared 
in the works of the eminent Norwegian mathematician Niels Henrik 
Abel (1802-1829). Beginning with different considerations, Bernhard 
Riemann (1826-1866), Germany’s greatest mathematician, was led to 
the same concept. In his remarkable paper “The theory of abelian func- 
tions” (1857) Riemann based the classification of equations of the form 
F(s, z) = 0 on birational transformations—which he referred to as ra- 
tional substitutions—and showed that the genus of a curve is invariant 
under such transformations. Riemann wrote: 


We will regard all irreducible algebraic equations in two 
unknowns that can be transformed into one another by means 
of rational substitutions as belonging to the same class; thus 
the equations Fis, z) = 0 and F1(51, 21) = 0 belong to the 
same class if s and z are rationally expressible in terms of 
sı and zı in such a way that Fis, z) = 0 goes over into 
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Pis, 21) = 0, and sı and zu are likewise rationally express- 
ible in terms of s and z. [6] 


In successive papers Clebsch and other German mathematicians laid 
the foundations of a theory of algebraic curves. As a rule, these curves 
were considered over the complex numbers (that is, their coefficients 
were complex numbers) and this ruled out consideration of their arith- 
metic. 

Henri Poincaré begins his memoir “On the arithmetic properties of al- 
gebraic curves” (Journ. de mathém. pures et appl., Paris, 5-me série, v. 7 
(1901) pp. 161-234) with the important observation that the arithmetical 
properties of many objects are very closely related to their transforma- 
tions: thus, for example, in the case of quadratic forms in two variables 
the relevant transformations are—as Gauss showed—linear substitu- 
tions with integer coefficients. “We can assume (writes Poincaré) that 
the study of analogous groups of transformations will be of great help to 
Arithmetic. This has induced me to publish the following observations 
even though they are a program of study rather than a genuine theory.” 

Poincaré began to think of ways of connecting and systematizing 
the problems of diophantine analysis. To this end he decided to carry 
out a new classification of polynomials in two variables with rational 
integral coefficients. He based this classification on the totality of bira- 
tional transformations with rational coefficients. We mentioned earlier 
that Riemann introduced an analogous classification. The difference is 
that Riemann considered birational transformations with complex coef- 
ficients rather than—as did Poincaré—birational transformations with 
rational coefficients. This fact brought Poincaré to the study of arith- 
metic properties of curves. We pass to some specific technical aspects 
of Poincaré’s work. According to him, two curves 


fi(z,y) =0 and fo(z,y) =0 


are equivalent or belong to the same class if it is possible to go from 
one to the other by means of a birational transformation with rational 
coefficients. (Note that this definition is the same as the definition of 
birational equivalence given in Chapter 3.) For example, two lines 


az + by+c=0 


The Arithmetic of Algebraic Curves 73 


and 
az+by+c =0 


with rational coefficients are equivalent. 

To prove this Poincaré chooses a rational point E off both lines and 
associates with each point A on the first line the point A’ at which the 
line AF meets the second line (Figure 4). This implies that all lines 
with rational coefficients form a single class. 


FIGURE 4 


Next Poincaré investigates conics, that is, quadratic curves, and shows 
that if a conic f(z, y) = 0 (with integral or rational coefficients) has at 
least one rational point, then it is equivalent to a rational line. To this 
end he associates with each point A of a fixed rational line L the point 
A’ on the conic T such that A, A’, and C are collinear (see Figure 5). 
We saw that this result had already been established by Diophantus. 

Next Poincaré considers cubic curves of genus 0. Since, by the defi- 
nition of genus, 

(3-1)2-1) 
=<? E d, 

2 
it follows that d = 1, that is, the curve has one double point. Poincaré 


claims that this point must be rational. We will not prove this fact here. 
But we do want to remind the reader that Euler established the fact 


0 


74 Diophantus and Diophantine Equations 


FIGURE 5 


that the existence of a double point on a curve y? = Fatz) implies 
the possibility of expressing z and y as rational functions of a single 
parameter (see Chapter 10). 

Euler did not prove the necessity of this condition. Poincaré’s proof 
that the existence of a double point on a cubic curve is sufficient for 
the cubic to be equivalent to a line is the same as Euler’s, except that 
Poincaré’s is geometric rather than analytic. He takes the double point 
as a basic point, fixes a rational line L, and associates with each point 
A on L the point A’ on T that lies on the line AC (see Figure 6). 

Next Poincaré proves a basic theorem that completely characterizes 
the set M of rational points on a curve of genus 0. 


Theorem. Every curve of genus 0 and degree m, m > 2, is bira- 
tionally equivalent to a curve of degree m — 2. 


Thus every curve of genus 0 and odd degree (m = 2k + 1) is bi- 
rationally equivalent to a line, and every curve of genus 0 and even 
degree (m = 2k) is birationally equivalent to a conic. 

In particular, this means that a curve of genus 0 and odd degree has 
infinitely many rational points. 
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FIGURE 6 


The question of rational points on curves of genus 0 and even degree 
reduces to the determination of the rational points on a conic. The 
structure of this set had already been investigated by Diophantus. 

We note that similar results pertaining to curves of genus 0 were 
obtained ten years earlier by D. Hilbert and A. Hurwitz in the paper 
“On diophantine equations of genus 0” (Acta Math. 14 (1890)). Its 
authors noted the invariance of the set of rational points of an alge- 
braic curve under birational transformations with rational coefficients. 
Poincaré seems not to have known this paper; at any rate he does not 
mention it. In any case, the core of his memoir is devoted not to these 
facts but to the investigation of curves of genus 1. 

He begins by considering the simplest curves of genus 1, that is, 
cubics. If such a curve has at least one rational point, then, as noted 
earlier, its equation can be reduced by birational transformations to one 
of the form 


y =x? +az +b. (*) 


We assume that this has already been done. Poincaré describes Dio- 
phantus’ tangent and secant methods (without, of course, mentioning 
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his name) for finding new rational points on D given, respectively, one 
and two rational points on I’. He first formulates both methods geomet- 
rically and then connects them with Euler’s addition theorem by noting 
(as Jacobi failed to) that three points A, B, and C on an elliptic curve 
T such that 


II(A) + 11(B) + 11(C) =0 (x) 
are collinear. Poincaré also makes more precise the meaning of this 
equality; we explain this next. 

The integral 


ES 
a y 


where y is determined by (x), is an infinitely-many-valued function of 
its upper limit u. In this it resembles the function 


f e O sin”? y 
o V 1 ba q? i 
whose “principal values” lie in the interval (—7/2,/2) and whose 
other values are obtained by adding to the principal values multiples of 
27. 

Similarly, the integral 


ll dx 
i va? +ax+b 

has “principal values” and all remaining values differ from the principal 
ones by terms of the form mıwı +m2aw2, Where mı and ma are integers 
and w and we are periods whose ratio is a complex nonreal number. 
Since there are three integrals in (**) and each is determined up to 
a period, the summands can be chosen so that their sum is 0. This 
element of precision introduced by Poincaré was neglected by Euler 
and Jacobi, who tended to take a formal view of mathematical relations. 
Such precision became a standard characteristic of works dating from 
the beginning of the 20th century. 

Poincaré gives an explicit definition of addition of rational points on 
an elliptic curve I and shows that the set M of these points forms 
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a commutative group. The definitions of addition and of doubling of 
points alone make it clear that if Aı,..., A, are in M then so is 


A = mA +---+m,As. (xxx) 


Poincaré asks: is it possible to choose points Aı,..., A, so that all 
rational points on I' are obtainable from the expression (x**) ? In the 
language of group theory: is the group of rational points on T finitely 
generated? Thus Poincaré initiated a deeper study of the structure of the 
set M. 

Poincaré calls points Aı,..., As, from which one can obtain all the 
others by rational operations, a fundamental system of rational points. 
He notes that a fundamental system can be chosen in infinitely many 
ways, and chooses one with the least number of points. He calls this 
minimum number (r, say) the rank of the curve T.? It can be shown 
that the rank is invariant under birational transformations and is thus 
one of the fundamental intrinsic properties of the curve. 

Poincaré asks: “What are the possible values of the integer that we 
have called the rank of a cubic curve? 

This question was interpreted by later mathematicians as the assertion 
of the finiteness of the rank of an elliptic curve, that is, the assertion that 
the group of rational points of an elliptic curve has a finite number of 
generators. This assertion came to be known as the Poincaré conjecture. 
It was proved only in 1922 by the English mathematician L.J. Mordell. 
This was the most impressive result since Poincaré’s own. In proving 
that the rank of a curve of genus 1 is always finite, Mordell used 
Fermat’s method of infinite descent. 

After discussing cubics Poincaré discusses other curves of genus 1. 
He proves the following result: 

Let f(x,y) = 0 be a curve of genus 1 and degree m. If there is at 
least one rational point on this curve, then it is birationally equivalent 
to a cubic. 

This result settles completely the question of curves of genus 1: such 
a curve either has no rational points or is equivalent to a cubic. In the 
latter case its set of rational points has the same structure as the set of 
rational points of the curve in (+). 
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Poincaré’s memoir contains other interesting ideas and “study pro- 
grams” but we cannot go into these here. We do wish, however to note 
a fact of interest for the history of mathematics: it seems that Poincaré 
was completely unaware of the work of his predecessors bearing on the 
arithmetic of algebraic curves. He knew of Diophantus’ procedures and 
of their connection with Euler’s addition theorem from the general the- 
ory of algebraic curves. (Rational points are not the only things that can 
be added! After all, rational points possess no special geometric distinc- 
tion.) But the idea of using known facts and methods to study arithmetic 
properties of curves was conceived by Poincaré independently of oth- 
ers. Thus this idea arose at least three times: in the middle of the third 
century A.D. in the work of Diophantus, in the 1830s in the work of 
Jacobi, and at the beginning of the 20th century in the work of Henri 
Poincaré. This is not a unique occurrence in the history of mathematics. 
Thus projective geometry was discovered three times: once in antiquity, 
a second time in the 17th century by Desargues and Pascal, and, “for 
the last time,” at the beginning of the 19th century by Poncelet and 
others. In saying “for the last time” we mean that from then on there 
has been no break in the continuity and tradition of these investigations. 
The same is true of the arithmetic of algebraic curves after Poincaré. 


Notes 

1 “Theorie der Abel’schen Functionen” (Borchard’s Journal fuer 
reine und angewandte Mathematik, Bd.54, 1857). In: Riemann’s Col- 
lected Works, B.G. Teubner, Leipzig, 1892, p. 119. 

2 Today one defines the rank of an elliptic curve as the least number 
of rational points Aı,..., A, such that every rational point A on the 
curve can be written as 


A = mA, +---+m,A, +P, 
where P is a point of finite order. 


13 


Conclusion 


We shall now describe some of the generalizations, results, and con- 
jectures pertaining to the arithmetic of algebraic curves. One such gen- 
eralization is already found in Poincaré’s memoir. From Diophantus to 
Poincaré the arithmetical properties of curves have been considered over 
the field of rationals, that is, the coefficients of the equation 


f(x,y) =0 


of the curve I’, the coefficients of all birational transformations, and 
the coordinates of points to be found must all belong to the field Q 
of rational numbers. Poincaré suggested that similar investigations be 
carried out over fields of algebraic numbers, for example over quadratic 
fields Q(VD). In that case a point is called rational if its coordinates 
belong to the field in question. 

Of course, it is possible to construct an arithmetic of curves over an 
arbitrary field k—say, over the field of rational functions of one variable 
or over a finite field (of residues modulo p). 

In 1929 the French mathematician André Weil used Fermat’s method 
of infinite descent to prove the Poincaré conjecture of the finiteness of 
the rank of an elliptic curve over a number field k. 
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Another generalization, also initiated by Poincaré, pertains to the 
arithmetic of curves of genus g > 1. In this case it is no longer possi- 
ble to define addition of points, but it is possible to define “addition” 
for sets of g points, where g is the genus of the curve. Such an addi- 
tion is already implicit in the previously discussed paper of Jacobi and 
was discussed by Poincaré in the last paragraph of his memoir. In his 
1929 paper Weil proved the conjecture of finiteness of the rank of an 
algebraic curve of arbitrary genus over a number field k. 

A parallel development involved the question of integral points (that 
is, points with integral coordinates) on an algebraic curve. Already in 
1923 Mordell showed that the equation 


Ey? = Az? + Ba? + Cz + D 


has only a finite number of integral rational solutions. Here the most 
general result was obtained by the German mathematician C.L. Siegel, 
who used the methods of A. Thue and those of Mordell and Weil to 
prove the finiteness of the number of integral points on a curve of genus 
g > 0 over a number field k. 


Translator’s note. The material that follows brings this chapter up to 
date. It was written by Prof. J.H. Silverman of Brown University. 


As for rational points on a curve of genus g > 1, Mordell conjectured 
in 1922 that the number of such points is finite. This conjecture was 
settled in 1983 by Gerd Faltings, who showed that any algebraic curve 
of genus g > 1 defined over a number field K has a finite number of 
K-rational points. Subsequently Paul Vojta re-proved Faltings’ theorem 
by an entirely different method, and Faltings then extended Vojta’s ideas 
to prove finiteness of rational and integer points on certain subvarieties 
of abelian varieties, thereby vastly generalizing Siegel’s and his own 
earlier results. 

We note that all theorems bearing on systems of generators for the 
group of rational points on an elliptic curve are existence theorems. 
We know of no effective method for finding generators, although Yuri 
Manin has pointed out that an effective method may be deduced from 
certain widely believed conjectures. The question (posed by Poincaré) 
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of the values that can be taken on by what Poincaré calls the rank 
of an elliptic curve remains open. Various mathematicians, including 
especially André Néron and J.-F. Mestre, have given methods for finding 
elliptic curves with moderately large rank; the current record (1996) 
is a curve of rank 21 discovered by K. Nagao and T. Kouya. In the 
positive direction, A.I. Lapin (in characteristic 0) and LR. Shafarevich 
(in characteristic p) have shown that there are elliptic curves over the 
field of rational functions whose ranks are arbitrarily large. 

In the past 30 years much of the deepest work on the number-theoretic 
properties of elliptic functions has been fueled by two conjectures. The 
first, formulated by B. Birch and P. Swinnerton-Dyer, suggests that the 
existence of rational points on elliptic curves is closely related to the 
values of a certain complex analytic function, called an L-series, which 
encodes information about the points modulo p on the elliptic curve for 
all primes p. Major progress on this conjecture has been made by J. 
Coates, B. Gross, V.A. Kolyvagin, K. Rubin, A. Wiles, D. Zagier, and 
others, but much remains to be done. The second conjecture, formulated 
by Y. Taniyama and refined by G. Shimura and A. Weil, says that 
every elliptic curve can be parametrized by certain complex analytic 
functions, called modular functions, which satisfy various complicated 
transformation laws. This Modularity Conjecture has now largely been 
proved by Andrew Wiles, with assistance from Richard Taylor and an 
extension by Fred Diamond. 

Wiles’ work on the Modularity Conjecture was motivated, at least in 
part, by an observation of Gerhard Frey relating the Modularity Con- 
jecture to Fermat’s Last Theorem (Chapter 9). Frey suggested that if 


u" + y” = g” 
has a solution in nonzero integers with n > 3, then the elliptic curve 
E: y = g(x - u”)(z +”) 


would not satisfy the Modularity Conjecture. After Jean-Pierre Serre 
gave a more precise formulation of Frey’s idea, Ken Ribet proved that 
such an E could not satisfy the Modularity Conjecture. Thus a spec- 
tacular corollary of Wiles’ theorem was a proof, approximately 350 
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years after having been penned by Fermat in the margin of his copy of 
Diophantus’ “Arithmetic,” that his Last Theorem is indeed true. 

It is proper to mention in this short account the contributions of two 
Russian world-class algebraic geometers. They are Alexei Parshin and 
Sergei Arakelov. Parshin has many important papers. One of his most 
important gave a new proof of the Mordell conjecture over function 
fields, and it was by following an analogous path that Faltings gave the 
first proof over number fields. Arakelov is best known for “Arakelov 
intersection theory,” in which he described a local intersection pairing at 
the infinite (archimedean) place of a number field, thereby establishing 
a close and fruitful connection between the number theory of curves 
and the algebraic geometry of projective surfaces. 

However, we cannot prove—nor even state—the conjectures and re- 
sults mentioned in this chapter without extensive use of modern algebra 
and algebraic geometry. To do this would not only take us beyond the 
technical scope of this small book, but would also force us to study 
current problems in diophantine analysis rather than its history. Readers 
interested in the former could consult some of the references given in 
the bibliography. 


Supplement 
The role of concrete numbers in 
Diophantus’ “Arithmetic” 


Already in the mathematics of ancient Babylon, the solution of an al- 
gebraic problem with concrete numerical data served two different pur- 
poses. One was to obtain a numerical solution of the problem. The other 
was to illustrate an algorithm for the solution of a class of problems of 
the same type. 

In Diophantus’ “Arithmetic” the role of numerical parameters was 
increased in a fundamental way. As a rule, in order to solve a problem 
Diophantus represented the required numbers as rational functions of 
a single unknown and of parameters. He assigned to the parameters 
concrete numerical values but stipulated that these could be replaced 
by other arbitrary rational numbers, or by arbitrary numbers satisfying 
certain conditions. As an illustration, we consider problem 8 in book 2, 
which deals with the representation of a given square as a sum of two 
squares, i.e., with the solution of the equation 


X?4Y? =a’. 


Diophantus puts a? = 16. He takes the base of one of the squares 
as the unknown X = t and the base of the other square as a linear 
function of t: Y = kt — 4. Here 4 is a root of 16 and k can be an 
arbitrary rational number. Diophantus writes that it is necessary to take 
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“a certain quantity t... let it be 2.” The solution of the problem is given 
by 


2ak 
e 1 +k?’ 
k?—-1 
Y === 


In Diophantus’ case X = 16/5 and Y = 12/5. But he understands 
perfectly well that for an arbitrary rational k one obtains a corresponding 
rational solution. For example, in problem 19 in book III he writes that 
“we know that every square can be decomposed into two squares in 
infinitely many ways.” 

Thus in problem 8 in book II the number 2 performs two functions, 
that of the concrete number 2 and that of a symbol which stands for 
an arbitrary rational number. But it is not always possible to assign to 
a parameter an arbitrary value. For example, in problem 8 in book IV, 
which is equivalent to the system of equations 


X? +X: =Y”, 
X1 + X2 =Y. 
Diophantus puts initially X2 = t, Xı = kt, where k = 2. Then Y = 
(k + 1)t and 
a 1 
~ (k+1)8 EN 


For k = 2 this yields C = 1/19, i.e., t is not rational. To obtain a 
rational solution one must find two numbers that differ by 1 such that 
the difference of their cubes is a square: 


t? 


(r +1)? -r =O, 
or 
87? +3r+1=0. 
Diophantus puts 
D= (1- Ary? 
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and obtains 
3+2X 
~ 2 = 3° 
By choosing A = 2 he obtains 7 = 7. Hence the value of the parameter 
can be chosen from the class of numbers 


3+ 2A 
E 

Thus we see that in Diophantus’ algebraic formalism, in addition to 
symbols for the unknown and its powers, a major role is played by 
the concrete number symbols which double as parameters. In the latter 
case they can play the role of free parameters or of non-free parameters 
satisfying certain supplementary conditions. 

Diophantus’ algebraic formalism represents a special stage in the 
evolution of algebra which began with his “Arithmetic.” This stage 
lasted in European algebra almost to the second half of the 16th century. 
It was only then that Bombelli and Stevin introduced symbols for a 
second, third, and further unknowns and Viéte introduced symbols for 
parameters as well as the system of literal calculus. 
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DIOPHANTUS AND 

DIOPHANTINE EQUATIONS 

Most readers associate the mathematics of 
antiquity with Euclid’s Elements and the works 
of Archimedes and Apollonius. This wonderful 
little book will introduce the reader to a new 
aspect of the mathematics of antiquity in the 
works of Diophantus. The object of this book 
ıs to present the work of Diophantus, focusing 
on Diophantus’ methods of obtaining rational 
solutions of indeterminate equations of the 
second and third order. 


The first part of the book presents the elementary 
facts of algebraic geometry essential to under- 
standing the rest of it. The book clears up the 
misconception that Diophantus relied on clever 
tricks rather than general methods to solve 
problems. Professor Bashmakova shows that 
in modern theorems. Diophantus used general 
methods to find rational points on algebraic 
curves of genus O and 1. 


The second half of the book considers the 
evolution of the theory of Diophantine equations 
from the Renaissance to the middie of the 20th 
century. In particular, the book includes substan- 
tial descriptions of the relevant contributions of 
Viete, Fermat, Euler, Jacobi, and Poincaré. The 
book ends with Joseph Silverman's survey of 
Diophantine analysis during the last twenty years 
in which he mentions the proof of the Mordeı 
conjecture and of Fermat's Last Theorem. 


The book ıs intended for a broad audience. 
It can be enjoyed by teachers as well as 
students. 


